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The present volume on the Integral Calculus is presented 
to the public, which, with the volume already published on 
the Differential Calculus, contain all that may be desired in 
an elementary course on the subjects of which they treat. 
It may be thought by some, that the course exhibited in these 
volumes is too extensive to be pursued in Colleges and 
Universities : They ought however to consider, that the de- 
mand for an extension of science should always accompany an 
extension of the public improvements which are prosecuted 
with such vigour now in this country ; and that therefore, 
the interests of the community demand such a course of in- 
struction as may enable a portion of it to become skilful and 
efficient in directing such works. 

The works of Mr. Young will be found well calculated for 
this purpose. 

New-York, May 1th, 1833. 
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THE 



INTEGRAL CALCULUS 



SECTION I. 

ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 

OF A SINGLE VARIABLE. 



Article (1.) The Integral Calculus is the reverse of the Differen- 
tial Calculus, its object being to determine the primitive function 
from which any proposed differential is derived. We shall at once 
proceed to the exposition of the principles of this very important 
department of Analysis.* 



CHAPTER X. 

FUNDAMENTAL PRINCIPLES OF INTEGRATION. 

(2.) The process by which we return from the derived function to 
the primitive is called integration ; it is indicated by the symbol / 
placed before the differential or derived function, and the result of the 
process, that is, the primitive function, is called the integral of the 
proposed differential. 

* The Differential Calculus enables us to determine the effect produced by a given cause: 
whereas, on the contrary, the Integral Calculus shows how to dotcrmino the cause which 
produced a known effect. For every effect produced by one or more causes may be repre- 
sented by a function of one or more variables, in which the latter represent these causes. It is 
from this consideration that Analytical Mechanics may be considered but a continuation of 
the Calculus. Ed. 

1 



Z THE INTEGRAL CALCULUS. 

(3.) There are several obvious particulars respecting the funda- 
mental principles of integration, which immediately present themselves 
to the mind, from considering the direct process, or that of differen- 
tiation. These we shall briefly enumerate : 

1. Since da¥x is the same as adFx, viz. aF'xdx, therefore, in the 
reverse operation, faF'xdx is the same as afF'xdx, so that any con- 
stant factor or divisor may be taken from under the sign of integra- 
tion, and placed without it. We may moreover introduce any con- 
stant factor under the sign/, provided we place its reciprocal without 
the sign. 

• 2. Since the differential of the sum of any number of functions is 
the same as the sum of their several differentials, it follows that, when 
we have to integrate the sum of any number of differentials, the same 
integral will be expressed, whether the sign /is prefixed to the whole 
sum, or to each individual differential, that is, /(Ada? + Baa: + &c.) 
is the same as fAdx +/BdLr + &c. 

3. Since, in differentiating any function, the constant connected 
with it by addition or subtraction disappears from the result, it follows 
that, in integrating such result, the constant should be introduced. 
But as the form of the differential remains the same, whatever may 
have been the constant in the primitive, we cannot infer from that 
form the particular value of the constant that has disappeared, so that 
all we can do is, to annex to the integral found a symbol C, standing 
for a constant, its value being indeterminate. The integral thus 
completed has the most general form possible, since it comprehends 
every function that can by differentiation produce the proposed dif- 
ferential. Thus the complete integral of the differential dFx is Fa?+ C. 
If we know in any particular inquiry what value the integral ought to 
have for any one particular value of the variable, the constant belong- 
ing to that case becomes readily determinable. Thus, if we know 
that for x = a the value of the integral Fa: + C ought to be A, then 
we have Fa + C = A, therefore the value of the constant is in that 
case C = A — Fa, so that the definite integral, as it is then called, 
is Fa: + A — Fa. 

We shall now proceed to integrate a few fundamental expressions. 

Integration of the form (Fx) n dFx. 
(4.) This differential obviously corresponds to the differential of 
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(Far) n + 1 + C, with the exception that it is not multiplied by n -f- 1. 
If, therefore, we multiply it by this factor, and then place the recipro- 
cal of it outside the sign/, the expression under the sign will be thus 
rendered integrable, 

therefore —J— f(n + 1) (FxYdFx = ( ^rV + c - 
n + 1 JV ' v ' n + 1 

Hence* to integrate any differential of the proposed form, that is, 
where the expression without the parenthesis is the differential of that 
within, the rule is to increase the power of the function within the pa- 
renthesis by unity, divide this increased power by its exponent, and 
annex the arbitrary constant. We shall subjoin a few examples of 
expressions coming under this form, or which may be easily reduced 
to it 

EXAMPLES. 

(5.) 1. To integrate ax'dx. 

fax*dx = -— — |- C. 



2. To integrate -J a + x*xdx or (o + ar)2 xdx. 
Here the expression without the parenthesis is not the complete 
differential of that within, requiring to be multiplied by 2 ; hence, in- 
troducing this factor, and placing its reciprocal outside, we have 

Mi* + *?)i2xdx = <iL±fQi + C. 



3. To integrate (6 + ex")" 1 oaf 1 - 1 dx. 



Here it is easy to perceive that the expression without the paren- 



thesis requires to be multiplied by — ; hence 
a .... . , a 



—fib + cxr) n ncx n - 1 dx = :-— - (6 + cx n ) m + l + C. 

nc J v ' nc (m + 1) 

4. To integrate 

odx 

t; — or (6 — cx)~ " adx, 

(6 — cx) n x ' 



— n 



i <* /.,» v t a (b — ex) 1 , _, 

we have f(b — ex)- \ — cdx = — — 7 -— \- C. 

c J v ' c (n — 1) 

5. To integrate 

dy = (a* + 6x 2 + cas 3 )"^** + 2bx + Zcx 2 ) dx. 
This being of the proposed form the integral is 



S 



THE INTEGRAL CALCULUS. 

(ax + bx* + cx*) m + l , _ 

y = t-t — \r C. 

m + 1 

6. To integrate 

dy = (2ax — r*y(a — x) dx 



t 



* (2ax x 2 ) 2 

y = j /(2ax — x 2 ) 3 (2a — 2*) dx = i — '- + C. 

In the examples already given it has been an easy matter to dis- 
cover the factor necessary to render the .expression without the pa- 
rentheses the differential of that within ; but there is a general method 
of ascertaining whether a proposed differential belongs to the case we 
are considering which ought to be noticed. Thus, taking the last 
example, assume 

y = A (2ax — x 2 )* + C. 
then, differentiating each member, 

dy = (2a* — s*)*(a — x) dx = £ A (2ax — *")*(2a — 2x) da?,* 

consequently, if the differential is of the proposed form, we must 
have the conditions 

a = 7Aa, 1 = 7A, 
both of which agree in giving the same value to A, viz. A = ^ ; 
hence the integral is 

y = | (20X—X 2 )* + C, 
as before determined. 
If the example had been 

dy = (2ax — a?y{&a — x) dx, 
then, as before, assuming 

y = A (2ax — x 2 )^, 
and differentiating each member, we have 

[2ax — j*)* (5a — x) = f A (2ax — a*)*(2a — 2x) f 

.•. 5 = 5A, 1 = 5A, 
two conditions which are contradictory ; hence we infer that the dif- 
ferential does not belong to the proposed form. 

7. To integrate 

bdx J. 

dy = adx -j- + x*ax 

• Thk remit is found by dividing both members of the last equation by the radical and &, 
And equating the coefficients of « and % in the resulting one. JEd. 
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8. To integrate 

dy = (a + 6a?) 2 dx, 
y =zf.(a + bxf dx = f(a 2 dx + 2abxdx + b Via?) 

too ' 

= a 2 x + abx 2 + — - + C. 

o 

9. To integrate 

2adx 
dy 



x y/2ax — x 2 
This is the same as 

x" 1 (2ax — x 2 )^ 2adx = x- 2 {2ax- 1 —l)~i2adx, 
which is of the required form with the exception of its sign, 

m ;y = —f(2<ur l —l)~b X—2ax- 2 'dx = —2(2axr l — -1)* + C 

= _ 2 ^ 2ax ~ ^ + c - 
x 

10. To integrate 

. xdx 
dy = j. 

(2aar — ar 5 )* J 

This is the same as 

(2a — x)~$x~* dx = (2ax- 1 — 1)"* x~ 2 dx, 
which will be of the required form, when the expression without the 
parenthesis is multiplied by — 2a; hence 

1 /./« i ,v-£ « at (2ax~ l — 1) * 
y = ~-—f{2aar l — 1) "X — 2ax" 2 dx = * '— 

9 2a J ' a 

a 2ax — x 

« 

11. To integrate 

adx f adx _ a 

12. To integrate 

d V = ( a + *>x + e^) s (frd« + 2carcfo), 
.% y = f (a + for + car 1 )* + C. 

* In this Integral the arbitrary eonatant C is the sum of all the arbitrary constant! belonging 
to the different term* of which it ii composed. jj^ 
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13. To integrate 

dy = (a + bx 3 )* mxdx. 
m 3 

36 

14, To integrate 



••• y = It (• + V)* + c - 



cfy = 6-v/4a^ + 3 . arefcr, 

.-. y = £ (4a* + 3)* + C. 
16. To integrate 

dy = (a 2 + tf 2 ) 9 arefcr, 

.'• J = i («' + ^) 3 - 
16. To integrate 

x*dx 

>/a 9 + 6a* 



_ >/a 9 + 6s» 

•'"* 27 ' 

17. To integrate 

6x*{x< — l)cb A 

dy = ^ -^ ,* 

1 — a: 

,3x* , 61 s . . , 6i' , 3z 8 , 2*» 
•\3 = -(-p+-g- + *>' + -^ + - r + -3-). 

(6.) There is one case belonging to the above form, which never- 
theless does not correspond to the differential of any power, and to 
which, therefore, the foregoing rule does not apply. The case is 
that in which n (the exponent of the function X) becomes — 1, the 

form being -==-* which evidently agrees with the form for the differ- 
ential of log. X, hence 

f^ = log. X + C = log. cX,| 

c being the number whose logarithm is G. The following examples 
belong to this case. 

19. To integrate 

3aFdx 

* In this example the division and multiplication are executed, and then each term integra- 
ted separately. The arbitrary constant is omitted in this, as in some of the former examples. 
. f In this and the following examples, the Naperian, or Hyperbolical Logarithms are allu- 
ded to. Ed. 
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The numerator being the differential of the denominator, we hare 

/•oxrdbx , \ 

?+? = l0 «- c & + *>• 

20. To integrate, 

adx ►' 

a + for' 

To render the numerator equal to the differential of the denomina- 

- b 
tor, we must multiply it by -, 

a p bdx a . 

.\- T / — t—t- = T log. c (a + bar). 
bj a +bx b 6 v ' 

21. To integrate 

ax"dx 



\ *■ 



j 



b n + ex** 1 ' 

(n+l)cJ b n + cx« +1 {n + l)c g K } 

22. To integrate 

§x*dx 
3a? 4 + 7* 

23. To integrate 

£:rc&r 

fj^ = i lo e- c & + *)• 

24. To integrate 

•••!/ = -^-{y — 3a * + 3a a log. a:+ — }+C. 

(7.) Integration of the Forms 
A-f -J* ± f ** \ f <** 
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dx 



J >/a 2 x — 



6V 



a 



If we put -j- = r, the three first of these forms will be the tame 



1 /• rdx 1 /• r^a? ^_ / * r'cfcr 

at/ y/^ZTrf a 2 Jr 2 + x 2% a 2 J xy/ x T ZZ 



=•1 



where the expressions under the sign of integration are identical with 
those at article (16) in the Differential Calculus. 



a 2 



As to the fourth form, if we put -jj = 2r it will be the same as 

, 26 /• rdx 



26 p 

a 2 J v 



^2rx—x 2 

the expression under the sign of integration being identical to the 
remaining expression in the article just referred to. Hence the in- 
tegrals of all the proposed forms are given by the circular arcs ex* 
hibited in that article, so that 



/ 



-A 



= - sin. * x + C 



Va* _ tfx 2 a 



dx 1 f . _ 

= - cos."" 1 x + C 



• J a 

-/- 

J x 

A 
A 
-A 



V a 2 — Vx 2 a 

** = JL tan." 1 x + C 



2 



+ 6V 

da? 1 • ' . ** 

= -^ cot" 1 a? + C 



2 



a 2 + b V a : 

dx 6 t f _ 

= -=- sec." 1 x + C 



tf^ 2 * 2 _ ^ a 2 



= -7T cosec. jr + C 



«>/6V— a 3 a 2 



*r * 6 

= 2 — versin." 1 x + C 



J<*%— 6V a2 



da; 6 

= 2-5- coversin."" 1 a: + C, 



y/fx — Px 2 <* 

where it must be observed that in all these expressions, except the 
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last two, the radius is j- and in the last two it is -p- V3£^ 

(8.) If a = o = 1, then r = 1, and the first six integrals are, 
simply, 

/•dx 

/• dx 
7 == = C08.-'* + C 

dx 

= tan. - ' * + C 



) 



t/ a; 
t/a: 



1 + x 2 
dx 



cot. - ! x + C 



1 + *" 

dx 

— = sec. "" l x + C 

a?var — 1 

= cosec. ~ l x + C, 



aVa 3 — 1 

and if 6 = 1, a 2 = 2, then r = 1, and the last two are 

dx 

= versin. - 1 x + C 



A 

-A 



V2X — X 2 

dx 

= coversin. ~ l x -f» C, 



N/2ar — ar 1 

the radius of these arcs being all unity. 

(9. ) The more general expressions in art. (7) may also be so mo- 
dified as to involve only the common tabular trigonometrical quanti- 
ties, or those to radius 1. For, if any trigonometrical line belong- 
ing to an arc of radius r, be divided by r, the quotient will be the 
trigonometrical line belonging to a similar arc of radius 1, we have, 
therefore, merely to multiply this arc by r, to arrive at the arc of ra- 
dius r originally proposed. Hence, if, in the expressions art. (7), 
we divide x by the radius to which it belongs and multiply the cor- 
responding arc by that radius, the values of those expressions will 
remain unaltered, and will be calculable, for particular values of a?, by 
means of the common trigonometrical tables. The expressions thus 
modified are 



/ 



dx 



— 1 • -i & _i_ n 
--===- sui. - x + C 

j & — b V b a 

2 






' i 



i* 
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-/- 

/- 

t/ X 
J X 

A 
-A 



dx i ^ 

= T cos.~ , -a? + + C 



a 



J tf— 6V 6 

dx 1 6 , _ 

a i i 2 o = -T tan. ~ ' - x + C 
a 3 + 6V ab a 

dx l , * , ~ 

2 . u o = -r COt. "" l - a? + C 

a a + 6V a6 a 

<fe i £ 

—==== = - sec. - * - x + C 
xvlra? — a 2 a a 



c&r 



xy/bPx* — a 2 
eta 

\Za a a? — 6V 
dx 





1 _, 

- cosec. ' 
a 


b 

-X 

a 


+ C 




1 • -i 
T versin. l 




26 a 
o a 


-* + C 


— 


I 

T coversin. 
b 


- 1 * 


— , + 0. 



\/o a a? — tPx* 

(10.) These circular forms will repeatedly occur hereafter, and 
the student should endeavour to carry them in his mind. It is obvi- 
ous that these same forms hold, if instead of x there be substituted 
any function of it X, as we shall now illustrate by a few examples. 

EXAMPLES. 

1. To integrate 

xdx 



If, in this expression, X be put for a? 2 , we have xdx = |dX, there- 
fore 



J V a 



i 



dX. i /,? 

= J-sin. - 1 fLX + C 



" 6X3 26* a* 

1 , ** 

= — -sin." 1 -- a* + C. 

26* a* 



2. To integrate 

x*- 1 dx 



y/ a — 6ar* 



1 
Putting z* s= X, we hare ar"' ] dx = - dX, 

n 
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•:— / — — - = sin. — : a^. 

nJ>/a — bX 2 ^i a ? 

3. To integrate 

a?*ckr 
a +6^ 

Putting x 5 = X, we have ±*~dx = $ dX, 

.-. |/ , , Ya = =tan. - l \Z-aj 3 . 

V o + 6X 2 3 >/ ao a 

4. To integrate 

do? 



x*/ bx* — a 



9 



Multiplying numerator and denominator by or this expression 
becomes 

x 2 dx 



x 2 y/bx* — a 

— — — i 2 

and, putting x 2 = X, we have x u dx = - dX, 



5. To integrate 



dx 



y/ ax + bx 2 

Dividing numerator and denominator by a?*, the expression be- 
comes 

x*dx 



\f a + bx 

And, putting x* = — X, we have x "" *dx = — 2dX, 

dX 2 "o - 

= ~ rcos. ~ l V~x. 



.. — 2 f—=z 

t/ >/ a 



+ 6X a b $ ' * 

6. To integrate 
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xdx 



A 



1 + a: 4 ' 
xdx 



7. To integrate 



$tan. ~ l a?. 



x*dx 



f- 



</ 2 — 4** 

x*dx 



= 4 sin. - 1 V 2x». 



</2 — 4r> 
8. To integrate 

x n ~ 1 dx 

1 + x»' 
x"~ 1 dx 1 



/ 



= - tan. ~ l x*. 



1 + X* n 

(11.) We have now, by inverting a few of the fundamental pro- 
cesses of the differential calculus, shown how to integrate the most 
simple forms of those differential expressions which lead to algebrai- 
cal, logarithmic, and circular functions. It remains to consider those 
which depend upon exponential, and trigonometrical functions ; still, 
however, confining ourselves to the most simple forms of those ex- 
pressions that can possibly occur ; we shall thus have all the ele- 
mentary forms of which the most complicated integral can be com- 
posed. The exponential and trigonometrical forms are as follow : 

a x 
Since do* = log.a.a* dx therefore fa* dx = 1- C 






de x = e*dx fe x dx = e x + C 

d sin.z = cos.x dx • . . . fcos.x dx = sin. x -f- C 



" / 



dco8.x= — sin. xdx. . . f6in.xdx = — cos.x -|- C 

j d* r dx . , r* • 

a tan z == .... / -- = tan.z 4- C 

cos.*a; J cos. 2 ^ 

dx f dx _ 

d cots = — — -- .... I — — — = cot.z 4- C 
sin.** J sin. 2 * ' 

d sec. z = tan.g secx dx . . fiau.x sec. a; dx = sec.a: -f- C 

d cosecx = — cot.x cosec.xdx /cot.* coseca: d x = — coscc. x -f- C. 

Having thus collected together in the present chapter all the elemen- 
tary forms, our principal object throughout the following section will 
now be to decompose into these forms every differential whose 
integral we wish to determine. 
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CHAPTER XX. 

ON THE INTEGRATION OF RATIONAL FRACTIONS. 

(12.) By the aid of the elementary integrals, determined in last 
chapter, we may integrate every differential contained in the general 
form 

pgm-l + Qgm-2 + Rg + S 

Ftf» + Q'z**- 1 . .• + R' ' 

provided we can by any means decompose the denominator of the 
fractional coefficient into its simple or quadratic factors. 

In the form here exhibited we see the highest exponent of a? in the 
numerator is less than the highest exponent of a? in the denominator 
by at least one unit, but if any rational fraction be proposed having 
the highest exponent of a? in the numerator greater than the highest 
exponent in the denominator, then, by actually performing the division 
indicated, we shall obtain a quotient of the form px°dx, and a remain- 
der, in which the highest exponent of a? is less than the highest expo- 
nent in the divisor ; the fraction, therefore, formed by this remainder 
and divisor will be of the above form, and this fraction annexed to the 
quotient must be equal to the proposed ; we shall have, therefore, to 
integrate these two parts, and as the first belongs to the form (4) there 
will remain to be integrated the form above, so that the integration 
of this form comprehends the integration of every form of the rational 
fraction. 

(13.) To show in the simplest manner how this integration is to 
be effected we shall apply the process to particular examples, choosing 
at first those fractions of which the factors of the denominator are all 
unequal. 

1. Let it be required to integrate 

a 

The factors of the denominator are here x — a and x + a, and 
our object is now to find what two partial fractions and 

— -£ — compose the proposed, that is to say, what values of A and 
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B satisfy the condition 



a A , B 

-r 



x 2 — a 2 x — a x + a 
By reducing the two partial fractions to a common denominator, and 
actually adding the numerators, this condition reduces to 

a = (A + B) x + (A — - B) a, 
and as this must exist, whatever be the value of ar, we have, by the 
method of indeterminate coefficients, 

A + B = 0, a = (A — B) a .-. 1 = A — B, 
which equations give 

A = £,B = — }; 
hence the partial fractions are determined, and we have 

/• a i _ , /• dx /* dx 

x 2 — o a 2 Jx — a *J x + a 

that is (6), 

fitly 

f a *_ a 2 = i lo S- (* — «) — 4 lo g- (* + a ) + C 

2. Let it be required to integrate 

a 3 * 6a* 

(to. 

arx — x 3 

In this example the factors of the denominator are rr, a — a?, and 
a + a?, and in order to decompose the fractional coefficient into par- 
tial fractions, we must so determine A, B, and C, that we may have 
the condition 

cf+bx 2 A , B , C 
1 + 



afx—vx* x a — x a + x 
which, as in last example, reduces to the condition 

a 3 + bx* = Ao 2 — Aa* + Baa? + Bx 2 + Cax—Cx* 9 
therefore, equating the coefficients of the like powers of ar, we have 
the equations 

B — A — C = 6, Ba + Ca = 0, Aa 2 = a\ 
The last of these immediately gives A = a, which reduces the first 
toB — C = a + 6 ; also, since the second is the same as B + C 
= 0, we get for B and C the values 

2 2 
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the partial fractions being thus determined, we have 

/a 3 + bx* _ pdx a + b p dx a + h p dx 

a*x — x 3 J x 2 J a — x 2 J a + x 

= a log. x — log. (a — x) — log. (a + x) + C 

= a log. x — log. (a 2 — x 2 ) + C. 

si 

3. Let it be required to integrate 

Sx — 5 
a 3 — 6* + 8 **' 
To determine the factors of the denominator we must find the roots 
of the equation 

x* _ 6# + 8 = 0, 
which are x — 2 and x = 4 ; hence the factors are a? — 2 and a: — 4 : 
therefore, as before, assuming 

Sx — 5 _ A B 

a? — 6a? + 8 ~~ ar — 2 a? — 4' 
we have the condition 

Sx — 5 = A* — 4A + Bx — 2B, 
therefore, comparing the like powers of a?, we have the equations 

3 = A + B, 5 = 4A + 2B, 

• A = 1 tt — 1 

. . J\ Ty, J> — £, 

consequently 

/• 3a? — 5 , p dx . p dx 

x* _ ex + 8 * Var — 2 + 2 Va? — 4 

= f log. (*_4)— Jlog. (* — 2) + C. 

4. Let it be required to integrate 

——^——dx 
x 2 + 4aa? — 6* 

Decomposing the denominator, as in the last example, we find for 

the factors . 



x + 2a+ y/4a 2 + b? and x + 2a — x/40 2 + fc 2 

or, more briefly, 

x -f- K and a? + L ; 

hence, assuming 

x A B 



. *» + 4o* — 6 s ar + K ' x + L ' 
we have the condition 
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x = Ax + AL + B + BK, 
which furnishes the equations 

A + B = 1,AL + BK = 0, 
from which we find for A and B the values 

A = ^r, B = - L 



K — V K— L 

/» x _ K /» dx Li /• dx 

x> + 4ax — b* dx ~K — hJx~+K~ Jr~LJx~+~ 

= K^log- (* + KJ-^-^log. (x + L) + C. 
5. To integrate 

— = dx 

x* — 5x+ 6 

/» o , x — 3 
— — ;— - dx =*= d log. +C. 
x 2 — 5a: + 6 6 x — 2 

6. To integrate 

2x + 3 



a^ -f a? _ 2x 



dx 



p 2x + 3 

J x* + x* + 2x ^ = * l0 S- (^ — ! ) — * lo g- (^ + 2 ) — t lo g- *• 



a? + x* + 2x 

7. To integrate 

2—4x 



2 — 4a? 



da? 



a »_ x _ 2 dx = — 2 log. (x* — x — 2). 

From these examples it appears that when the denominator of the 
rational fraction can he decomposed into simple and unequal factors, 
the integral of the expression will always be determinable, and will 
always be of a logarithmic form, because the several component 
partial differentials will be fractions whose numerators are the differ- 
entials of the denominators, whether these be rational or imaginary. 

(14.) When the factors of the denominator are not only simple 
and rational, but some of them equal, the process just employed 
must be modified a little. Thus, suppose we had to decompose the 
fraction 

a +. bx + ex 2 

(x — ky 

where the factors of the denominator are all equal. 
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The partial fractions cannot here be of the form 

A B C 

X "~~ K X •""• K X ""■" K 

for, as these are all of the same denominator, their sum is of the 
form 

A' 
x — k 
and the condition for determining the numerators 

a + bx + ex 2 = A' {x — &) 2 , 
which is not only insufficient for that purpose, but it also fixes a relation 
between k and a, 6, c. 

If, however, we make, in the proposed expresssion, this substitu- 
tion, viz. 

x — k = z .•• x = z -\- k 
it will take the form 

a + bk + cA^-r- bz+ 2 ckz + cz* 

of which the component fractions are obviously 

a + bk + cfc 2 b + 2ck c 

? • — P~ ' T 

Hence the component fractions of the proposed are 

x + bk + cW b + 2ck c 
~~ (x — k) 3 ' {x — A:) 2 ' x — k' 
that is 

a + bx + cx 2 A B C 



(a: — A:) 3 (^ — A:) 3 ' (x—k)* ' x — k' 

It is easy to perceive, from the process employed in this instance, 
that a similar form of decomposition has place in every case where 
the denominator of the rational fraction consists of only equal rational 
and simple factors. When unequal factors enter as well, the corres- 
ponding partial fractions will be determined, as in the case already 
considered ; but the operations will here, as in that case, be best un- 
derstood by means of a few particular examples : 
8. Let it be required to integrate 

2ax 
{x + af "* 
Here we have to determine A and B from the condition 

3 
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2ax A B 

T" 



(s + a) 2 {x + a) 2 x + a' 
which, by actually adding the fractions in the second member, and 
equating the numerators, Jeads to 

2ax = A + Bar + Ba, 
which gives the equations 

2a = B, A + Ba = 0, 
that is, 

A = — 2a 2 , B = 2a, 

•'•/(TFi)i * = - 2a2 fj^-ay + 2a /* T^ 

2a 2 

= ; h 2a log. (x + a) + C. 

x + a ° 

9. Let it be required to integrate 

x 2 
x 3 — ax 2 — d*x + a 3 
In order to decompose the denominator, we must find the roots of 
the equation 

x 3 — ax 2 — a 2 x + a 3 = ; 
it is easy, however, to see that x = a is one of these roots ; there- 
fore, depressing the equation by the easy method explained at page 
193 of my Algebra, there results the quadratic factor x 2 — a 2 , which 
gives the simple factors x — a, x + a ; hence, assuming 
x 2 A ,B , C 

(a? — a)\x + a) (x — a) 2 x — a x + «' 
reducing the partial fractions to a common denominator, and equa- 
ting the numerators, we have 

1 = B + C, A — 2Ca = 0, Aa — Ba 2 + Ca 2 = 0. 
If we multiply the first of these conditions by a 2 , and add the result 
to the third, we shall have 

Aa + 2C0 2 = a 2 , 
and adding this to the second, multiplied by a, there results 

a 2 = 2Aa .\ A = | a, 
this, substituted in the second condition, gives 

C = i, 
whence the first reduces to 

therefore 
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/» x 2 . a /» dx' _i_ ^ /* ^ ^ /* ^ 

(x — a) 2 (x + a) 2J(x — a) 2 4Jx — a 4 J x + a 

= — 2 (g — a) + 4 l0g * ( * ~~ ^ + £ l0g ' ( * + a) + °* 
10. Let it be required to integrate 

— dx = dx, 

tf — iy"* ( x —\y( x + iy> 



Here we must assume 



A + B + * + » 



(a?— 1) 2 (*+ l) 2 (a:— l) a a: — 1 ' (a? + l) 2 x + l' 
and, by reducing the partial fractions to a common denominator, we 
are led to these equations of condition, viz. 

B + D = 0, 
A + B+ C — D = 0, 
2A — B — 2C — D = 0, 
A — B + C + D = a. 
The first of these reduces the third to 2A — -*2C = 0, therefore 
A = C, the second reduces the fourth to 2 A + 2C = a, therefore, 
since A = C, A = {o = C, consequently the fourth becomes 
D — B = \ a, which, combined with the first, gives 

hence 

/» adx j% t dx dx dx dx 

(x» _ x y - 4 "J *(*+ i)3 + JiZZTy~~ J-^Ti + x+ x \ 

It appears from these examples that when the denominator of the 
rational fraction has all its simple factors rational and some of them 
equal, the integral is determinable, and can consist only of algebraic 
and logarithmic functions. The result is the same if imaginary fac- 
tors enter, but we prefer to make this a distinct case. 

Before examining the case in which the denominator of the frac- 
tional coefficient contains imaginary factors, we shall add a few more 
examples, in the two cases already considered, for the exercise of 
the student 

11. To integrate 
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#-5 3 dx = log. h C. 

J a 2 — x 2 ° a — x 

12. To integrate 

dx 
x 3 —7x 2 + 12* 

t /iFZIwr+KS" = tV log ' * + * Iog ' ( * - 4) 

- i log. (* - 3) + C. 

13. To integrate 

a?dx 

l • 

ar 3 — x 2 — ar + 1 ' 

/*-/-*+ i = *ZT* + * »■* <• - ») 

+ i log. (x + 1) + C. 

14. To integrate 

xdx 
(a + bxf 

/» xdx _ a + 2bx 

(a 



(a + 6ar) a 26 s (a + 6a?) 2 ' 

15. To integrate 

x* — 2 



x 3 + 4x* + 4a? 



dx. 



Jx 3 + 4x* + 4x x + 2 6 4 

a;* 

16. To integrate 



a 3 — 3 

dx. 



x 3 —7x+6 

fx*- 7x + e dxz=i log ' {x - l) + * Iog ' ( * " 2) 

+ A ^g. (a? + 3) + C. 
(15.) It remains to consider the case in which imaginary factors 
enter the denominator. 

The imaginary roots of an equation always occur in pairs and are 
of the forms 

a? = a + j3\/ — 1 and x = a — j8\/ — 1, 
so that the quadratic factor which gives these roots is of the form 
x 2 — 2*x + a 2 + /3 2 = (a: — a) 2 + /3 3 , 
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and, therefore, the corresponding partial fraction of the form 

Mx + N 

which cannot be decomposed into rational partial fractions ; but, if 
there enter into the denominator of the proposed several equal quad- 
ratic factors of this kind, or, which is the same thing, if there enters 
as a factor the power 

K* — *)"+ W 
the corresponding partial fraction will be of the form 
PaP—' + Qa*— * +W 

^ f(*-a)" + j8»J- ~ W ' 

or, by introducing the indeterminate coefficients A, B, C, &c. these 
may be so determined as to render this fraction identical to 
As+B+(Cs+D) \(x—*Y+P\+(Ex+F) \(x—a) 2 +l&\*+bc. 

\(x — a) 2 + (3 2 \ m 
the last factor in the numerator being 

(I*+ K) \{x — *)* + Pl m ~ l ; m 
hence the partial fraction (1) is equal to the sum of the fractions 

Ax + B Cx + D Lc+K 

l(x—ay+P\ m + {(x—*)*+F\ m - l *"\x — a)*+ j 8 2,,,(2) - 
Knowing, therefore, the form of the component partial fractions, we 
may readily analyze any rational fraction when we can find the simple 
factors of its denominator, whether these be rational or imaginary. 

From the form of decomposition just established when equal quad- 
ratic factors enter the denominator, it is obviously necessary, in order 
to complete the integration of the class of differentials considered in 
this chapter, without using imaginaries, that we know how to integrate 
the form 

Ax+ B 

ax, 



which, by putting z for x — a, becomes 

As + A» + B 

(z* + l3 2 ) m ' 

or substituting a for Aa + B, . 

kzdz adz 

+ 



(z* + P 2 ) m ' (z 2 + fS 2 ) m 
The first of these forms we know how to integrate, having considered 
it in (4), its integral is 
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A /• 2zdz A 



2/ ( 



(** + j8*) m 2(m — 1 ) (z 2 + /3 2 ) CT - lf 

it remains, therefore, to integrate the form 

adz 

W+Wr " " (3,) 

Now this integration we cannot immediately effect, but it is easy to 
show that the integral could be obtained, provided we could integrate 

dz 

because, if we multiply both numerator and denominator of this by 
a 2 + /3 2 , we have 

dz z*dz 8?dz , . 



c^+iS 2 )"*- 1 (2 a +/3 a r c^+iST 

and if to both members of this equation we add 

, z __ dz 2(m — \)z*dz 

•(^+/3 2 ) w - 1 "~(z a + /3 a ) w - 1 (J + fpy* • 
the integrals of the results are 

z p dz _/*<fe 

(2m ~ 3) y^T^r + pj^+py 

'VC* 3 + /3T "" (2m— 3)(z a +i8 2 )' B - 1 + 2»i— 8«/(«« + /3 2 )" 1 ? 
substituting this value in the integral of (5), there results 

dz 2 



/c 



+ 



(z 2 + /3 2 ) w " 1 (2m — 3) (z 2 + jS 2 )*- 1 

(2m — 2)/3 2 f_dz__ 

2m— 3 /c^ + ^T' 
and consequently 

/• dz __ z 

(a*+ ^ a ) ,B "" /3 a (2m — 2) (z 2 + ^T~ v 
2m — 3 /• dz f . 

/3 2 (2m — 2)/(z a + /3 2 )"- 1 ' * ' * ^* 
Hence, as remarked above, the integral of (3) depends on the inte- 
gral of (4), and, by the same formula, if m — 1 be substituted for m, 
the integral of 

dz 
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will become dependent on that of 

dz 



(s 2 + P)"*-* 
so that, by first determining the integral of « , „, , which we alrea- 

1 z 

dy know to be (7), - tan. ""' - we may, by the formula (6), determine 

P 



/• dz p dz p dz 

(^ + /? a ) 2 V(s a + /r i ) 3 ' vtf + n' 



We shall, in the next chapter, show how such integrals may be 
obtained, by another and more general process ; we see here that 
they always involve a circular function. The following are examples 
of these integrals. 

(16.) 17, Let it be required to integrate 

dx» 
x*—l 

The factors of the denominator being 

x — 1 and x 2 + x -f 1, 

the latter involving imaginary factors, of the first degree, the form of 

the decomposition is • 

xdx Adx Bx + C 

"T" — o — j j — Z cLx 5 



X 3 1 X — 1 x 2 -f x + 1 

and from this equation we are to determine A, B, C ; therefore, re- 
ducing to a common denominator, and equating the like powers of or, 
in the numerators, as in the former examples, we have the conditions, 

A + B = 0,A + C — B = 1,A — C = 0. 

If we add these three equations together, we get 

A = i.-.B = — *,C = — i, 
consequently 

/* x . P dx p x — 1 

The first of these component integrals is \ log. (x — 1) and the se- 
cond, being put under the form 

ar— 1 



U(x+$r+i 



dx, 



and z being substituted for x + £, it becomes, 
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1 p zdz 1 /• dz _ 

hence, restoring the value of z, and collecting together the three com- 
ponent integrals, we have 

f£i dx = i|log. (* - 1) — i log. (*» + x + 1) + 

v/3ten.-' 2l±i|+0. 

V o 



18. To integrate 

x x + 2 a? + 3s 2 + 3 

Here we must assume 



dx. 



x< + 2a* + 3a^ + 3 _ Ax + B Car + D E 



(r^+l) 2 (r' + l) 3 (x* + l)»^ a? +1* 

from which we get, by actually adding the partial fractions and equa- 
ting the numerators, 

x A + 2x* + 3x* + 3 = 
Ex' + Cx 3 + (D + 2E) x 2 + (A + C) x + B + D + E, 
consequently 

E = 1, C = 2 .\ D == 1, A = — 2, B = 1 ; 
hence we have to determine 

— 2 C xdx + 2 C xdx 4- f ** 

j(x*+ if y (^ + i) a j (x* + 1) 3 

, p dx p dx 

"V (a* + i) a + /7"+T 

The two first of these integrals are, omitting the arbitrary constants, 

2(x* +l) 2and ""^fl ; 
also, by the formula (6), 

dx x . 3 /* dx 



/* dx __ x 3 p 

{x 2 + iy ~ 4(x a +i) 2 + i7 (i* + i) 2 

7 p dx __ 7a: .7pdx 

IJix 2 + l) 2 " 8(^+1) + sJ~^+T 
15 p dx __ 15 _j 
"§/ **+! ""8" tan - *• 
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The first row of vertical terms on the right hand of the signs of equality 
are together equal to the sum of the three remaining integrals, there- 
fore adding these to the two already determined, we have 



/ 



a? 4 +2r , + 3a? + 3 , 2 + x L 1x — 8 

dx = . . „ — : — -rs ~r 



(*"+ l) 3 4(x* + l) a 8(x*+ 1) 

15 

— - tan. - 1 x + C. 



19. To integrate 

x 2 — x + 1 



dx. 



x* + x 2 + x + l 



- tan. ~ l x + C. 



20. To integrate 



<* -f bx . 
dx. 



/ 



a 3 — 1 
a + bx . a -f b. x 1 ,6 — a 

tea. -i f + i + C. 



From what has now been done it appears that the integral of any dif- 
ferential whose coefficient is a rational fraction can always be deter- 
mined by means of the elementary algebraic, logarithmic, and tan- 
gential forms, provided we can decompose the denominator of the 
fractional coefficient into its constituent factors. There are several 
irrational forms which may be rationalized by means of certain trans- 
formations and reductions, and which may, therefore, be integrated 
by the aid of the principles already laid down. We shall now consi- 
der the principal of these irrational forms to which general processes 
apply. 

Reduction of Irrational Functions to Rational. 

(15.) The simplest irrational function which can occur is that which 
consists of monomial terms only, and these are very easily rationali- 
zed ; it will be necessary merely to reduce the fractional indices of 

4 



\ 
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the variable x to a common denominator m, and then to substitute z m 
for x. 

1. Suppose, for example, the differential 

** — i« , 

— 7 dx 

x 3 — x* 

were proposed, then, since the common denominator given by the re- 
duction of the fractions ^, £, is 6, we must substitute z* for a?, which 
substitution reduces the differential to the rational form 

s 3 — i« „ , . 6s 8 — 2a* 3 . 
A: 6z*dz = — dz. 



# — # \—z 

Since the highest exponent of z in the numerator of this expression 
exceeds the highest exponent in the denominator, we must perform 
the actual division, by which we get 

f*j& Of*** 3 

dz= \— ez 5 — 6** — 6s 3 — (6 — 2a)* 3 — (6— 2a)z — 

x ■■" Z 

(6 — 2a)\dz + ~ a dz, 

1 — — z 

consequently 

-6s 8 — 2az* 6 . 3 . 6 — 2a , , v , 

J 1 — z 5 2 3 • v ' 

_ (6 — 2a)s + (2a — 6) log. (z — 1) + C. 
In this manner it is obvious that we may render rational and then in- 
tegrate every differential included in the general form 

m p 

ax n + btf + &c. 

a'x n> + &'**' + &c. 
2. As a second example, the student may take the differen- 
tial 

x* — 2x^ 

— <fe» 

1 +a? 3 

the integral of which will be found to be 

/•a?*— 2a£ 6x* 6** a i i i 

J 7-da: = — — 2a? — -g- + 3s* + 2a?*— 6** — 6** + 

1 +x* 



log. (a: 3 -f 1)+ tan.- l ar*. 
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(16.) If the surds which enter the function, instead of being mono- 



m 



snial, are binomial, and all of the form (a + 6a?) "", the function may 

likewise be rationalized. For if, as before, we reduce all the Jfrac- 

tional exponents of (a + 6a?) to a common denominator;), and' then 

assume a + bx = z*, the coefficient of dx will obviously be rational, 

t)z p ~~ l dz i 

«nd dx will become - — t — , which is also rational ; hence such a 

6 

function will be thus rendered entirely rational. 

1. Suppose, for example, the differential proposed were 

dx 



<J a + bx 
Putting a + bx = z* we have 

- 2zdz 

dx 2dz 



• • 



y/(a+bx) b ' 
dx jdz 

y/a + 6a? 

2. Again, let it be required to integrate 

xdx 



J s/a + bx J b b b 



3* 



(1 +*)* 

Substituting z* for 1 + a?, we have x = z 2 — 1 .\ xdx = 2 (z* — 1) 
zdz\ hence 

xdx 2(z* — 1) dz 2dz 
- — J-*— = 2dz— 



(1 + *)* * * 

xdx 2 - 1 

.. f— i = 2z+- + C = 2\Vl + x + -==\+C. 

J (1 + xy z y/l + * 

3. As a third example let it be proposed to integrate 

dx 



xy/a + bx 
Here the transformed expression in z will be found to be 

2dz 2dz 
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the integral of which is either 

2 y/a + bx — >/a 2 \a + bx 

-j- log. — or tan." 1 V — , 

Va ° x j — a — a 

according as the first or second form is taken. If the differential had 
been 

dx 

xs/bx — a 
then the expression in z would have been 

2dz 2dz 



or 



of which the integral is 

2 \bx — a 2 s/bx — a — s/ — a 



tan. -1 <J or — log. 



Va a y/ —a x 

It is thus obvious that we may always give to the integral of 

bdz 



s"±o 

either a logarithmic or a circular form, whichever we please, but 
one of these forms will necessarily involve imaginaries, and will there- 
fore be in general less suitable for the purposes of calculation than 
the other. 

(17.) There remains one more class of irrational differentials which 
can be rendered rational by a general process ; these are such as in- 
volve no other irrational terms but those of the form 



s/a + 6a? + cx* $ 
which form may in every case be rendered rational, by applying the 
principles of the diophantine analysis, and consequently every rational 
function of it may be rendered rational. 
First, let c be positive, and assume 

— + — + x* = (x + zy = x* + 2xz + z* 
c c 

from which equation we get 

a — cz 2 _ 2c(a—bz + cz 2 ) 1 

ff = r r •*• dx = i— =-3 — '-da; 

2cz—b (2cz — b) 2 



hence 

z . — a — bz + cz* . 

v«-f bx + cx* = {x + z) >/ c = — ges^T" 5 

consequently, by the proposed transformation we obtain for the irra- 
tional function of x an equivalent rational function of 2, and as also x 
itself is a rational function of s, dx must be a rational function of z ; 
so that differentials of the proposed form are thus rendered entirely 
rational. 

Secondly, let c be negative, and let a and j3 be the two roots of die 
equation 

bx a 

x 9 _— = 0, 

c c 

then, by changing the signs 

— + — — ** = — {* — *) (* — 0) = (* — «) (P — x), 
c c 

having thus decomposed the expression under the radical into its 
simple factors, we shall assume 

\/(s — a) (/3 — x) = (a? — a) *, 
from which we get 

j3 — x = (x — a) z* % 
whence 

* s*+l --<to (s'+l) 8 **' 
therefore 

P + as? j3 — a 

hence, by substitution in the original assumption, we have 



j3 — a 



x/ (ar— a)(/3 — arjs-g-—*; 

which is a rational expression, and so likewise is the expression for 
ar, and therefore the expression for dx must be rational too* 

It appears that when, in such irrational differentials, as we are now 
considering the coefficient of a? is negative, it will be necessary, in 
order to rationalize them, to determine the roots of the quadratic func- 
tion under the radical, after changing the signs of the terms ; but when 
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the coefficient of x* is positive, this preliminary operation will be un- 
necessary. We shall add an example or two of these forms : 
(IS.) 4. Let it be proposed to integrate 

dx 

* . 
y/ a + ex 2 

Here we have to rationalize 

y/ a + Ox + ex 2 5 
therefore, proceeding as in the first case above, we have 

a — c* a + cz 2 o _ ° + cg2 . 

a: , cte <te, y/a + cxf — . 

2CZ 2C2T 2zy/c 

and, consequently, 

/» da? p — dz — 1 . 
y/a + cx 2 J * Vc y/ c 
that is, since 

V c 

/» cf a? 1 c — ^— ^— 

— ==r = ; — log. C \ y/a + CX 2 — X y/ c l . 
y/a + cx 2 >/c * * 

As the sum of the squares of the terms within the brackets is = a, if 
we divide by the constant log. a, which we may incorporate with the 
arbitrary constant log. C, the form will be changed into 

/ ' = —, — log. C \ y/a + cx 2 + x y/ cL 

y/a + cx 9 Vc ° € 

and a similar change may be effected on the integral in the next ex- 
ample. 

If we put the proposed differentia] under the form 



a— (y/— cfx* ; 



a — \y/ — c)'ar ' 
the corresponding form of the integral will be 



sin.- 1 + C. 



y/ — c a 

5. To integrate 
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dx 



s/a + bx + ex 2 
Proceeding as above, we have 

dx /»2c* dz 1 

Va + bx + ex 2 
that is, substituting for z its value 



/\ dx r 2c?dz 1 _ , N 

— ===== =• — / - r = ; — log. C (2CZ — 6), 
J a 4- bx 4- cj* J 2cz—b y/ c 



sf a -(r bx + ex 2 

Z = ; X 

V c 



/» dx 1 -^— — — — — 

= 7— log.Cj2x/c(a+6aH-c^) — 2ca? — 6*. 
x/a + bx + car 1 >/ « * * ' 

6. To integrate 

dx 



\f a + 6a? — a 8 

Having determined the roots a, ^ of the equation 

x 2 — 6a? — a = 0, 

we have, by proceeding agreeably to the second case, above, 

. ' 2(jS — a)z ,— — r 3 /3 — a 

a# = r 1 ^— : t-, \/a + 6a? — ar = -i-r s : 

(s 8 + l) a ' v *» + 1 ' 

consequently 

r *> ^ = -/!J^ = -2tan^ g + C, 
«/ > /a + 6a?— a? 3 •/ s 2 + 1 

or, restoring the value of a?, 

J a + bx-~ar x — a 

7. To determine 

/» (2a? 



Va + 6 s x 2 

f ** = i log. C (6a? + x/a a +6 a ar a ). 

'>/a a + 6 a s a * * 

8. To determine 

/da? 
a?>/a a + 6 a ar a ' 
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/: 



dx l t Wo 2 + #»*» + a 
— log. c . 



xs/a* + Vx* « 

9. To integrate 



dx 



/ 



(1 + X 2 ) y/l—X* 

= ~7~ tan. l — ■■ + C. 



(l + ^)>/l — x 2 V2 ^1 — ar 8 

10. To integrate 

dx 



x y/l + ar + x* 



I: 



dx _ 2+a? + 2 i/l + ar + x 2 - 

= — log. T v/« 



X y/ 1 + a? + X s 

11. To integrate 

da? 



i/2bx — a? 



/: 



<fe .1-* , r 
= cos. ' — s H C 



^ 26a? — x 2 
12. To integrate 

oda? 



/: 



>/ 2ax + ar* 
adx 



= olog. C {x + a+ y/2ax+a?l 



s/ 2ox + x 2 

Besides the irrational forms considered in this chapter, there are 
others also reducible, by general rules, to rational forms. These, 
however, being all only particular cases of a more general form to be 
examined in the next chapter, they more properly come under notice 
in that place. We ought, perhaps, before dismissing the subject of 
this chapter to apprize the student that there exists another method of 
determining the coefficients A, B, C, &c. in the numerators of the 
assumed partial fractions, which does not require the equations of 
condition necessary in the method of indeterminate coefficients which 
we have employed. But, although this second method is in some 
cases shorter than that which we have adopted, yet, as it is less simple 
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and obvious, we have preferred the latter. The other method is ex- 
plained in note (A), at the end of the volume, to which the student may 
refer. 



CHAPTER III. 

ON THE INTEGRATION OF BINOMIAL DIFFEREN- 
TIALS IN GENERAL. 

(19.) The object of the present chapter is to solve the following 
general problem, viz. 

To integrate the form 

of* (a + bar)* dx . . . . (A), 

in which m, n, p, are either whole or fractional, positive or negative. 
We shall first remark that this general expression may always be 
changed into another in which p shall be the only fractional exponent, 
and in which n shall be positive. For if we reduce the expone^s m, 
n to a common denominator q, and then substitute z q for x, p will be 
the only fractional exponent in the transformed expression: if after 
this the exponent of z within the parenthesis should be negative, we 

have only to substitute - for z and it will become positive ; hence the 

integration of every differential of the above form may be obtained, 
provided we can always integrate when n is integral and positive, m 
being either a positive or a negative integer, and p any number what- 
ever ; so that, in fact, we need consider the above form only under 
these conditions, although in what follows, this is not necessary. 
Substitute 2 for a + bx* and there results 

_ z — a.n 
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nb» 

m+1 



nb " 
hence the general form becomes 



1 m+l i 

iriT (z— a) ■ **ck. 



n6 " 

(20.) Now if should happen to be a whole number or 0, 

the exponent of (z — a) will be a whole number r, and we shall then 
merely have to integrate the form 

(z — a) r z* dz 9 

which we can always do whether r is positive or negative ; for if it is 
positive (z — a) r is, when developed, a series of monomials, and thus 
the integration is finally dependent on the form z* dz ; if r is negative 
and t be the denominator of the fraction p, then, by substituting y'for 
2, the form is reduced to a rational fraction. Hence the form may 

m "f* 1 
always be rendered rational when w an integer. This is call- 
ed the condition of integrability. 

(21.) By adopting a little artifice we may easily arrive at another 
transformation of the general differential expression, and thence obtain 
another condition of integrability. Thus, divide one of the factors 
(a + bx*y of the proposed by x** and it becomes (ax~* + by; mul- 
tiply the other factor a* by of 9 and it becomes a* 4 **, so that the pro- 
posed is the same as 

oj m+lv (cur* + by dx. 

Substitute in this, z for ox~ n + b and the resulting transformed ex- 
pression can differ from that before obtained only in this, that a and 
b will be interchanged, that — n will appear instead of n, and m + np 
instead of m ; hence the transformed expression will here be 
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m+l 

. (z — b) * z*dz. 

n v ' 

Hence the form may be rendered rational token + p w an tn- 

teger or 0. 

The foregoing are the only cases of the general form which in the 
present state of analysis can be rendered rational. The following 
examples satisfy the conditions of integrability. 

EXAMPLES. 

(22.) 1. To determine the integral of 

x* (a + 6*»)* dx. 
In this example 

j m + * 
m = 3, n = 2, » = A and = 2, 

the first of the preceding conditions is therefore satisfied, and the 
transformed differential is 

_ (z — a) z* dz, 
in which 

consequently, taking the integral 

z 2 az T _ , « + &«? «v a + fa* , r 

bb 2 Sb 2 { 6 Z } ~& 

2. It is required to integrate 

x-* (a + a?)~* dx 

5 m + 1 , 
m = — 2,n = 3,j> = — -, + p = — 2; 

3 n r 

hence the second condition of integrability is satisfied, and the trans- 
formed differential is 

-_ (* — l) z » dk, 

3 



of which the integral is 
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where 



consequently, 



1 i -£ 



C = OF- 5 + 1 = —5— 

a -\- a? 



x> + * 
far 2 (a + a*)~*dx = — r + C 



a 3 



(a + s 3 )* 



= C — 



3r* + 2a 



2a 2 x (a + xrf 

3. To integrate 

a 3 (a 3 + s*ftdx > 

/r 3 (a 2 + x 2 )* dx = ^ (« 3 + »")* (4a? 3 — 3a 3 ) + C. 

56 

4. To integrate 

adx 



/cicfcp eta; 
=-r = + C. 
(1+s 3 )! n/1 + x 2 

5. To integrate 

x 5 (a + ta 3 ) 3 cfo 

J (a + br>)> dx = w (- _ T + -j) + C, 

in which 

2 = a + fca 3 . 

(23.) When the conditions of integrability are not satisfied, the 
proposed differential may then be referred to other general formulas 
called formulas of reduction, and which reduce the integration of the 
proposed expression to others of a simpler kind. These formulas 
are obtained as follows : From the known form 

d . uv = udv + vdu 



THE INTEGRAL CALCULUS. 37 

we have, by taking the integrals 

uv ^fudv + fvdu 
.•.fudv = uv — fvdu .... (1), 

a formula which reduces the integration ofudv to that ofvdu, and 
which is known by the name of integration by parts. 

Let us now compare fudv with the integral fti™ (a + 6af) p dx in 
supposing 

(o + bx*Y = «, x™dx = dv .-. = ■ , 

m + 1 

and we shall then have, by applying the method of integration by 
parts. 

fx" (a + bx?Y dx = 

(a +^-^7 ^T-Tfi^ +l (a + ba*Y~ l a*- l dz, 

N m + 1 m + 1* 

or putting as before 

a + 6a* = 2 

x™ "*" * wnb 
fi~*dx = z?.- ;;r ^- ; fj- 1 f*"+«*?- l dx (2). 

By this formula of reduction we see that the integral of any differen- 
tial of the form (A) is made to depend upon the integral of another 
differential of the same form, but in which the exponent of z is dimi- 
nished by 1, and the exponent of a?, without the parenthesis, increased 
by». 

From this we may deduce a second formula, for since 
2 ? = 2 p~i(a + 6^) = az p " 1 + bzP^x" 
it follows that 

fsT&dx = afxTz*- 1 dx + bfx m + n z*- 1 dx . . . . (3). 
Subtract this from equation (2) and there results 

or, substituting p forp — 1, 

1 * « » «4., a" 1 * 1 (pn + n + m + 1) b _ A 

Jx*z* dx = z? + l — KF , , - r — } —fx*+« z> cfc, 

J a(m+ 1) a(m + 1) J * 

by which formula the integral is made to depend upon another of the 
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■ 

same form, but in which the exponent of x, without the parenthesis, 
is increased by n. 

The two formulas now given may obviously be useful when m is 
negative ; it may be remarked, however, that both fail to be applica- 
ble when m + 1 = 0, or when m = — 1, but in this case they are 

not wanted, because as then = the condition of integrability 

n 

is satisfied, and the proposed form may therefore be rendered rational. 

If we transpose the integrals in the formula last deduced we shall 

have 

(pn + n + m+ 1) b 

(pn + » + m + 1) b J 
which, by putting m instead of m + n, becomes 

J (pn + m + 1)6 (pn + m + l)b J 

a formula which causes the proposed integral to depend on another 
of the same form, but having the exponent of x without the parenthe- 
sis diminished by n. 
If instead of subtracting equation (3) from equation (2) we had 

pn 
multiplied it by — —. — - and then added, we should have had 
r J m + 1 

(1 + P n ) ftfn z p dx=z?. af " +1 + apn fx"z*- l dx, 
K T m + 1 }J m+lm + l J ' 

pn -f w-f 1 
whence, dividing by the coefficient r— — , we have 

° J m + 1 

for* dx = z*>. — T — -r— + — J2!L—- JsTzT- 1 dx, 
J pn + m+ I pn + m + 1 

by which formula the integral depends on another having the expo- 
nent of the binomial less by unity. 

By multiplying this last formula by the denominator and transpos- 
ing the integrals, we have 

fx m z*- l dx = — z p . + «- fx*z*dx 

J apn apn 

which, by putting p for p — 1, becomes 
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o(p+ 1)» a(p-f l)n 

a formula which may be useful whenp is negative. 

In like manner, by multiplying the formula (2) by r— and 

transposing the integrals, we have 

faf^^dx^tf.-^— ™ \ l fx*s?dx, 

pno pno 

which, by putting m instead of m + n and p instead of p — 1, be- 
comes 

For the convenience of reference we shall now collect together the 
several formulas deduced in this article, and we shall thus have the 
following 

(24.) TABLE OF FORMULAS FOR THE REDUCTION OF THE INTEGRAL, 

a?" 1 (o + bary dx oxfaT^ dx. 
I. 

fx»Z? dx = Z? . P—r — + , gPn , ', fir*~ l dx. 

J pn + m + 1 pn-\- m + 1 ' 

II. 

/W dx = zP. ** . n El—firngT* 1 dx. 

J m + 1 m + l J 

III. 

o(p+ 1)» a (jp + 1) » . 

IV. 

y (p+l)n& (p+l)nb J 

V. 

J (pn+m + 1)6 (p« + m + 1) 6^ 
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VI. 

J a(m -f 1) a (w +1) J 

Either of these formulas may under certain relations of the expo- 
nents become inapplicable on account of the denominator vanishing, 
but it will be easy to perceive that under these same relations the dif- 
ferentials proposed may be rendered rational. We shall now apply 
the foregoing formulas of reduction to some examples. 



EXAMPLES. 



(25.) 1. To integrate 

x*dx 



r = ar (ar 5 + a 2 )" 1 dx. 



x*+ a? 

To this expression we may conveniently apply the formula V, from 
which we have 

x*dx x A „ /• oPdx 



/• x ax x 3 p x ax 

x J + a* "~ T — a Jx 2 -^ a 

J~x*+a 2 2 "Jx* 



+ a 2 2 Jx* + a? 

we have thus reduced the integral to the known form 

*/?£? = T log - ( *° + *>- 

therefore 

2. To integrate 

x'dx 



y/ a + bx 2 
Applying to this expression the same formula, we have 

!— == = fx*z ? dx = sf . rr — -r jar* * <te 

fx*z -i dx=zi .^ — y[fo* "^ dx, 
also 
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. y/a + bx 
fx(a + 6a?)"Hr dx = -. » 



consequently 



/x*dx a? 4 Va+bx 2 4a So 2 
^== = U -ygjraVa+ftr' + j^Va+b^ + C 

Va~+b? . 4a* 8d> 

= ~^5b— V — b~ + -W* + c * 

3. To integrate 

3f*dx 



VI — x 9 
By the same formula (V.) we have 

/ at*dx 1 , m , m — 1 „«*-'<&? 

VI— x 2 » m J y /i_ x n v " 

and making m successively equal to the odd numbers 1, 3, &c. this 
equation gives 

/► xdx . „ _, 

■ =^- 1/1— a*+C 
1/1—^ 

y/\ — X* 3 *J y/\— & 

/► x*dx 1 m m , 4 „ a?dx 
= — :ra?Vl — s»+H f—= 

/► ar 7 da? 1 „ . 6 ^ a^da? 

1/I — a? 7 TJvi—x 2 



/, a^dar 1 , , , m — 1 - a^da? 

y/l— x 2 m m J VI— a? 



Substituting in each of the right hand members the value of the in- 
tegral as given by the preceding equation we have 

xdx 

V 

6 



/» xdx 

__ = — v'l— x» + C 
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x*dx 



1 • 2 



/» x*dx 1 1-4 1 • 2 • 4 

/l^f___- * 1 ' 6 4 1-4-6 

J y/TZ^t? ^^ + 5-7** + 3-5-7* 3 " 1 " 

1 -2 -4-6 



1 -3-5-7 



71=) VI — **+ C 



/, x m dx 1 



( OT — 3) ( m — i) 
(w — 4) (m — 2)w 



^ 1 + ^=^^'+ 



* ^^ • • • • 



+ 



1 • 2 • 4 • 6 (m— 1) 

1-3-5-7 w 



| </!_*». 



Now let m be assumed successively equal to the even numbers 0, 
2, 4, &c. For w = the formula is inapplicable, but the integral 
for this case is given at art. (8), and is sin." 1 a 4- C ; therefore 



dx 



/ * = sin.~ l x + C 

y/l—X 2 



x*dx 



dx 



flr^ = -**' 1 -* + *fsr=7 



'dx 



p x dx 
J ji — a* 






a; 3 



l cfe 



y/l — X 2 6 GJy/l—o? 



/, a^cta 1 , 

, , = — — **-Vl — r 1 + 



m — 1 p aT^dx 
m J <J\ — a 



that is, substituting for the integral in each right hand member its 
value given by the preceding equation 
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/» dx 
vT= 



X 2 



= sin."" 1 x + C 



v^/i 



x*dx 



* 1 



a* 



2 a: >/l — a* + ^ sin .-* a: + C 



•7</l — x 2 
p x°dx 

J VI — x 2 



1 1-3 1 -3 

^ a?+ 2 T 4*) >/1 — ^ + 2^4 Sin -"" 1 * + C 



1 1-5 1-3-5 



4 -6 

1-3-5 
2-4-6 



2-4-6 



sin." 1 x + C 



(»*-3)(»-l) ^ { 
(*» — 4) (m — ■ 2)»» 

, 1-3-5 (•»— 1) 

+ 2.4-6 .....» * ^-« , + 

i^|-^--lfc-L) sin- , + C. 
2*4*5 m 

4. To integrate 

da? 

x m Vl — x 2 ' 
By the formula VI. we have * 

y» dx ^ y/ 1 — x 2 to — 2^» da? 

~|^P = — (£ZTT)=- + j—\ y^vf^ ' * (2) ' 

which for to = 1 fails to be applicable ; but example (8), art. (18), 

p dx 1 + >/ 1 — x 2 

•J x V 1 — x 2 x 

hence, putting m successively equal to 1, 2, 3, &c. we have 

y» dx 1 + V 1 — x 2 
= — log. — L - r + C 
x ^l— a* 6 x 
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/: 



dx 



VI — x 2 



x 1 V 1 — x 2 
dx 

p dx 

J X 1 s/\— X* "" 



2x 



1 p dx 



y» da? 
**V 1— x* 



4x* 



+i/; 



cLr 



V 1— -ar 2 3 



dx 
VI— x 2 

dx 



& V 1 — x 2 
\/ 1 — x 2 5 /» da: 



6a* 



a* VI — ar 2 



dr 



/» ^ _ \/ 1 — ar 2 wi — 2 /» 

i*V i -_*» (wi— l)^" 1 m — 1 Jar"*- 2 \/ 1 — a? 2 

that is, by substitution, 

r <k , 1 + V 1— x 2 

/^f^ = - l0g ' i +C 

Jx 3 VI — x 2 = " 



V l—x 2 



1 



2ar* 



— olog. 



1 + n/1— x 2 



+ C. 



r <fa 1 ,1-3 



4a: 4 2 . 4a^ 



1.3 1 + x/ 1 — ^ 

— 5— Z lo g- = + C 



2. 4 



a? 



da; 



r ax _ 1 1 .5 1.3.5 

J x 1 VT^l? ^6a* "*" A «^ + 9 a fi^a) VI— x 9 



6x* 
1.3.5 



4. 6* 4 



2 . 4 . 6a* 



2.4.6 



1 + VI — x 2 
log. - J —- + C 



dx 



f ===== = C — \ — __ 

JrfVl — a 2 l {m — l)**" 1 ' (wi — 3)(m— 1) a*- 8 



- + 



OT 2 



+ 





(m — 4) (m — 2) 



+ 



(m — 5) (m -— 3) (m — 1) X*- 5 

. 1.3.5 (m — 2) 

' " h 2.4.6 ... (m— l)a"$ >/!— * a — 



1.3.5 (ro — • 2) , 1 + -/ l — ar 2 



.4.6 (to — 11 ° g ' 



) 



a? 



+ C. 
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If we put m successively equal to 0, 2, 4, &c. we have 
dx 



dx 



>/ \— x 2 



x* s/ \ — x 2 x 



dx 



+ C 



y» ax 
X * y/ i — & = — 

/» da? 



-/ 1— a? 2 



3a? 3 



2 / » dx 

+ 3^arV~T 



</l — a* 4 



5x* 



4 •» cfa? 



x 2 



dx 



dx 



y ax _ V 1 — x* m — 2 r 

a*Vl — a? (m— lja^ + m— l^a^ 2 V 1 — x 2 

or, by substituting, 

/» dx 



r & Vl — a? 

Jjjl — x 2 * + C 

f dx _ 12 

JxWl — x* W 1 . 



) </ i _ ^ + C 



dx 



y * «* 1 4 2*4 

a* VI — x 2 = ~~ ^oV + * •"*-* + i - « - * J ^ 1— ** + C 



5a^ 3 • 5x* 1 • 3 • bx* 



JaTVl—x 2 *(m— 1 



+ 



m — 2 



(m— l)a^- J ' (ro — 3)(m— l)** 1 - 
(m — 4) (m — 2) 



3 + 



( m _ 6)(w — 3)(m — 1) a* 1 - 5 
1 . 2 . 4 .... (m — 2) 



, — o — 5 ;-" tt-1 VI — a 2 + C 

1 • o . o . . . . (m — l)a?* 

5. To integrate 



a^da? 



>/2ax — x 7 
This expression is the same as 
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aT~*dx 



y/2a — x 

and, comparing this with the formula V. we have, for ro, a, 6, n, and 
p,m — J, 2a, — 1, 1, and — £, therefore 

P ^ dx _ a*- 1 >/ 2oa? — a? a (2m— 1) P *?*~ ldx 
J y/2ax — x 2 m m * >/2ax—x* 

so that, by continuing thus to diminish the exponent m, the integral of 
the proposed differential will finally depend upon 

/» dx j 

-7=3^ = versin - - * + C. 



6. To integrate 



aTdx 



(a 2 + a*)' m 

If m is greater than, or equal to, 2, this differential may be reduced 
by formula IV. or V. or by the application of both to the forms 



dx xdx 

or 



(a a + ^)*' (a a + *Y' 
according as ro is even or odd. The integral of the second form is 

2(1— p) (a a + aty- 1 T ' 

but the first form is not generally integrable, unless p' is £, or some 
multiple of it, in which case it maybe further reduced by formula III* 
and will finally depend upon 

/► dx 

;^F= = log. C (x + </a 2 + x*). 

If m = and p be a whole number, formula III. gives 

dx 1 x 



A 



(tf + ary 2(p— l)a 2 ' {tf+x 2 )*- 1 

dx 



_(2p_3_ p 

^ 2(v— Da 2 J (a* 



which is the equation otherwise deduced in art (13). 

7. To integrate 

dx 

x* *f a + bx* 
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y » dx j 26 



* 4 </a + bx 2 = ^~~ 3a^" "*" 3a 5 * 
8. To integrate 



p 
(a + 6s 3 ) a 
for the odd values of p. 

/> dx 1 
—-TT^g^xy/b+y/a-Vbx 2 ] + C. (See ex. 7, p. 31.) 
(a+bx 2 )* y/b 

f— —= — ^= + c 

/ »«** -« l + 2 > * _ + n 

•^(a+6* 3 )* *"{«+ **") 3a a * ^ a + 6** 

J(a+bx*)* 5a (a + ^ 15 a ° ( a + ***> 

1 * 

16~SM y/ a + bx 2 + C 
&c. &c. 

9. To integrate 

a?*dx 



V a + bx 9 
for the odd values of m. 

/ xdx _ J g+ bx 2 
Va + bx 2 " 6 + C 
/► x*dx 3? 2a 

/ > «*<k __ x* 4as» 8a 9 

V a + bx 2 ~ *56 "~ 1W + W* ^/a+W + C, 
&c. &c. 

10. To integrate 

x™dx 



>/ a + 6a 8 
for the even values of m. 
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/» dx y 

f *? dx _ xV a + bx 2 a 
Jy/a+bx 2 " 26 — 26 L + C 

&c. &c. 

11. To integrate 



y/ a + bx 2 , 
— dx 



x m 



for odd values of m. 



fVa+bx 2 </a + 6a a — s/ a 

J dx= Va + b^ + Valog. h C 

x ° x 



fVa+ba? </a+bx* b </a+bx*—Vo 
J—J dr = - 2r> +27^ l0g ' x + C 



fVa+bz' a+bx* b , 

J ,3 fc^ — i-Z^r— R^Si Sa + bx* 



6 3 V a + 6r" — V a 
— -rlog. + C, 

8a* 
&c. &c. 

When the proposed binomial cannot be reduced to a form integra- 
te by the preceding methods, then the only general mode of proce- 
dure is to develope the binomial in a series, and to integrate each 
term separately. The method of integration by series will be treated 
of in a future chapter. 
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OBAPTBH IV. 



// ■ ■ ' / / 



ON THE INTEGRATION OF LOGARITHMIC AND 

EXPONENTIAL FUNCTIONS. 

Logarithmic Functions. 

(26.) But few of these forms are capable of integration by any 
general process at present known, except, indeed, by the method of 
series, which furnishes, however, but an approximation, and should 
therefore be resorted to only when exact methods fail. 

To integrate the form 

X log. n xdxy 

in which X is a function of x. 

If, in the formula for integration by parts, viz. 

fudv = no — fvduy 

we suppose 

do = Xc&r, u = log. n #, 

we have 

/Xdx log." a? = \og. n xfXdx — / {fSidx • n log."- 1 x — ), 

x 

or putting, for brevity, 

/Xdx = Xt 

/Xdx log." a; = log." a? • X t — nf — log.* -1 xdx .... (1). 

If n is a positive whole number, the successive application of this for- 
mula will finally reduce the integration of the proposed form to that of 
an algebraic function, so that the proposed will be integrable, provided 
we can integrate, in succession, the algebraic functions 

X X 

Xdx = dXt, — dx = dX a , — - dx = dX a , &c. 
x 2 x 8 
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To give an example of the application of this formula, suppose we 
had to integrate 

x log. x dx 

Here 

x xdx 



consequently the final integral will be 

x * = y — — *** 

which we may at once reduce by the formula I. last chapter ; or, if 
we multiply the numerator and denominator of this by the numerator, 
we have 

/a?dx p xdx p a 2 dx 

x</*T~* +J </a* + x 9 =J xs/tfT^ + V * + *' 
and, (ex. 8, p. 31,) 

*J x y/lFT* = - fll °g- ~ x + c - 

consequently, by the formula (1), 

/> x log. xdx 

j a 2 + x* — lo 8* x ^ + ** — ^ + * + 



V<fi +x*+a , „ 
a log. h C. 

X 

(27.) One of the most useful cases of the above general form is 
that in which X = af 1 , the form then being 

a* log." a: dx, 

and for which the formula of reduction (1) is 

« m+ n 

/a* cfc log."* = — -£- log." a? tt/^ log."" 1 *&• . . (2), 

m t 1 tfi "T 1 

jc" 1 "*" 1 n — 1 
. './a?* dx log."-^ = — -7— - log.*"" 1 ^ ;tt/ ** *°8-"~* x d* 

g**+ l n 2 

/e* etc log.*^x = — -j— log.""" 8 * Xt/^ ^°8* ,t ~ i * <** 
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x m+l n 3 

fx™ dx log." -3 x = log."" 3 * -r--f x™ log.*" 4 ar dr 

&c. &c. 

Hence, substituting for the integrals, on the right, their values as given 
by the succeeding equations, we have generally 

/^do:log.-a:=^|log.-a>- ; ^- r log.-a:+^^Iog.^x 

- !L ^^— ^* + &c -* + c • • • • (3) - 

This series terminates whenever n is a positive integer. It fails to be 
applicable, however, if m = — 1, in which case the differential is 

dx 
log. n x . — = log." x . d log. x 

x 



f . dx log. B+1 a? _ 



+ 

so that, in this case, the formula is not required. 
This last expression, if n is negative, becomes 

/► dx __ log."**" 1 x ^ 
x log." a? — n + 1 ' 

so that, calling this v and af n+ \u y the formula for the integration by 
parts gives 

/*x m dx _ / +1 m+1 /• aTdx 

logTi (n — ljlog? 37 * n^lJ \og. n - l x " ' ' ^' 

or proceeding as in the former case, 



/a^cfo __ ar* +l 1 wi + 1 

log. "a? » — 1 Moff. n_1 a? » 



log."a? n — 1 * log." _1 a? n — 2 log."-**? 

(m + l) 2 1 



+ 



(» — 2) (» — 3) - log. 



3TZ "• • • • •§ i 



i»— 3 



X 



1-2-3.... (»— ])./log.* W ' 

z%x m dx 
beyond the integral /= the^ reduction cannot be carried, for the 

formula ceases to be applicable when n becomes = 1. This final inte- 
gral may bo put in a somewhat simpler form by substituting z for 
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x"+ l , for then x™ dx = — ; — -, and log. x = — !— , consequently 

/'«"* dr •» d!z 
log. a? •/ log. s ' 

which expression, simple as it is in appearance, has never yet been 
integrated except by series. 

When n is a fraction either positive or negative, we may, by means 
of one or other of these formulas, reduce the integration to that of 
another expression of the same form, in which n will be comprised 
between 1 and — 1, which final expression must then be integrated 
by series. 

EXAMPLES. 

(28.) 1. Required the integral of x 2 dx log. 2 x. 
Since here m = 3 and n == 2, the formula (3) becomes 

x* 11 

fx 3 dx log. 2 x = — ^log. 2 x — - log. x + -} + C. 

2. Required the integral of 

x x dx 
log. 2 V 

The formula (5) gives 

px*dx ___ s 5 fx*dx 

J log. 2 x log. x J log. x' 

This last integral, as before observed, cannot be obtained in finite 
terras ; but, if we put z for of 14-1 , the form, as before shown, becomes 

y»s* dz 
- — 3—. Now, if log. z be «, then {Biff. Cede. p. 31), 

_, = *=!+,, + * +j£_ + ftc. 

consequently 

y*dz pe u du pdu , _ . , 1 _ _ , 



+ 2~~ g/^tt+fce. 
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tt 3 U? 



= C + log.« + « + ¥ + g-gj + &c. 

= c + (io g .)».+ log. , + !2|!f + pll + &c. 

/ x * dx n 1 /1 vo K , , . , log. 2 X s , log. 3 r 5 . a 
^ = C + (log.)'*» + log. *» + _JL_ + -JL_ + &c. 

3. To integrate 

dx 



x log."a?* 

/» dx _ c 1_ # 

•/ a: log." a? (» — 1) log."~V 

4. To integrate 

x 4 da? 
log. 3 x' 

y*x* dx __ x 5 5x* . 

log. 3 x 2 log. 2 a? 2 log. a: 

f |dog.) a *° + log. * + ^+!S£ + *c.|+C. 

(29.) It may be here remarked that the formula (2) is rather more 
comprehensive than it appears to be, for, by attending to the manner 
in which it has been deduced, we readily perceive that it equally 
holds, when instead ofaf, we substitute (x ± a) OT , so that the in- 
tegral of 

(x ± a) m dx \og. n x 

will be given by the second member of (3), provided that in the 
factor without the brackets we change x into x ± a. 

The same is true of the expression (5), although we cannot legiti- 
mately infer this from the manner in which we have deduced the for- 
mula (4). If, however, as in the first case, we commence with the 

more general fonn -. , which may be written Xa?. . 



log." x x log." a? 

then, since 

y* dx __ pdx log."* 1 a? ___ log."" 4 " 1 x ___ 1 

a: log." a? """•/ x — n + 1 ~~ (n — 1) log.*-V 

we shall have, by integrating by parts, 
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Exponential functions. 

(30.) Let us now consider exponential forms ; these, like loga- 
rithmic, are for the most part unintegrable exactly. 

To integrate the form. 

a* x m dx. ^ 

Putting in the formula for integration by parts t - ' -^ 

or * {.. y ' 

u = af , dv = a* dx ••• v = , 

log.a 

it becomes 

fat* a* dx = -. = fx"^ 1 a* dx 

J log. a log. a 

.•./a*- 1 a*dx = ^— — ^-—faf^ a* dx 
J log. a log. a 

fa**-* a 9 dx = -^ /a^" 3 a» dar, 

* log. a log. cr 

&c. &c. 

Consequently by substitution, 

a* mx™^ 1 m (m — 1) x m ~' 2 



. . • • 



« 

I.2.3.... wk . ._ 

log. m o * 

the upper sign of the last term having place when m is even, and the 
lower when m is odd. 

When m is negative, the series within the brackets does not ter- 
minate, and is therefore inapplicable ; but if in this case we put 
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— 1 



u = o% do = x~™dx ••• v = 



(m— l)**- 1 ' 
the formula for integration by parts will give 

/a* dx __ a* log. a pa 9 cLr 

~a*» (w — 1) aF x m— 1 J'lF r 

/cfdx___ a* log. a pa* dx 

IF (m — 2)x m - 2 m — 2J of*-* 

/a* dx __ a* . log. a pa*dx 

IF* (m — 3) a**" 8 ro^2 ./ a*- 8 

therefore, by substitution, 

f**dx _ a* fi + log ' % + log ' 8 q ^ , 

J X™ (m — l)***- 1 * ro— 2 (m~2)(w— 3) 

, log-— ^i , ^g'^ 1 « 

T ( TO _2)(m— 3) 1 "l -2.3.. . (w— 1) 



/a* efcr 
a? 



►a*rfa? . 



The integral /^ is not rigorously determinable, but it may be 

approximated to by series. 



EXAMPLES. 

(31.) 1. To integrate 

a* dx 



a? # 
The formula just deduced gives 

/a*dx a* ., , . , , log. a a pa 9 dx 

but if we substitute for a* its development {Biff* Cole. p. 31), we 
have 

= 1- log.ada? + (-log. a a.a?+- — -log. 3 a.s* + &c.)c&r 

x x 2 a • o 

m% f~x~ = l0g " X + l0g * ° # * + 2 l0g,a a " l 7 ! + 
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1 a 3 

— log. 3 a . h &c. 

3 1U S" a 1-2-3 

Hence 

-^^. ^log. x + log. a-x + - log. 2 a • j--^ + &c.| + C. 

2. To integrate 

fx*<fdx = * tf ^ + 6a? — * + C. 

•* log. o log. a log. 2 a log. 3 a* 

3. To integrate 

e* • a: dx 
(T+x) 1 ' 

/c* ffda? e* _j_ r« 
(T+^j 2 "~ TT^ + 

4. To integrate 

a* • xdx 

/if* xdx 1 , be? , ., ,_ /•a?dy i 

■71— \ — ^ = -i I h (1 — ft log. a / — 2.*, 

where y = 6 + a- 

5. To determine a general formula for the integration of 

or* x™ dx. 

J log. a * log. a log. 2 a 

4. 1*2-3 m , 

log. m a * 

* By putting 1 + x = Y, this will be transformed into 

1 &dy &dy 
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CHAPTER V. 

ON THE INTEGRATION OF TRIGONOMETRICAL 
AND CIRCULAR FUNCTIONS. 

(32.) In considering the differential expressions whose coefficients 
are functions of trigonometrical lines, it is obvious that we may con- 
fine our attention to those only which contain sines and cosines, since 
all the other lines may be converted into functions of these. As in 
the former chapter, so here, we shall treat of those forms only to 
which general processes apply, omitting all notice of the almost infi- 
nite variety of combinations which might be devised, and for which 
the calculus in its present state supplies us with no rule of integra- 
tion. 

(33.) To integrate the form 

sin. m x cos. n xdx. 

To this general expression we may apply the method of integra- 
tion by parts, first putting it under the more convenient form 

sin.*"" 1 x cos. n x sin. xdx, 

for, comparing this with the formula 

fudo = uv — fvdu, 
by assuming % 

sin."*" 1 x = u, cos." x sin. xdx = — cos.* xd cos. x = <fo, 
and therefore 

COS.*"H rg 

(m — 1) sin. 8 *"* x cos. xdx = du, *, > = t>, 

n + 1 



it becomes 

fsin. m x cos. n xdx = — 



sin. m ~ 1 a? cos.* 4 " 1 x 
n~\ 



^ r-r- / , sin. m ~* x cos.** 5 xdx. 

n+ 1 J 

This form may be somewhat simplified, for, by substituting in the in- 
tegral on the right 

8 
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cos." x(l — sin. a ar) for cos.*** x 

it becomes divisible into the two 

f sin."*" 3 x cos." xdx — / sin. w x cos. n xdx ; 

making, therefore, this substitution, we obtain from the result 

r . , sin."*" 1 x cos.^ 1 x 
/sin. x cos." xdx = : 

* m + n 

. m — 1 



-fain. 1 *'* x cos." xdx 



m + n 

sin."*" 3 x cos.* 4 " 1 x 



.•. sin." 1 - 3 x cos." xdx = — 



m — 2 + n 



+ : — f sin."*"" 4 a? cos." xdx 

m — 2 + n J 



J sin."*- 4 x cos." xdx == 



sin. m ~ 5 a? cos.* 4 " 1 « 



m — 4 + n 
/sin."*" 6 a? cos." xdx, 



m — 4 + n' 
&c. &c. 

Hence since the exponent m is thus diminished by 2 at each suc- 
cessive application of this formula, while the exponent n remains the 
same, it follows, that if m is a positive odd number, m and n being 
also both integers, the integration will be finally reduced to 



COS.** 1 X 



/"sin. x cos. n xdx = —/cos." xd sin. x = — — ~— — h C, 
J y n + 1 

so that, in this case, the proposed may be completely integrated by 
the application of this formula of reduction. 

(34.) If we substitute for the integrals in the right hand members 
of the above equations their values as given by the succeeding equa- 
tions, we shall have the following 
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Before considering the case in which w, n, are one or both nega- 
tive, we shall give an example or two of the application of the prece- 
ding formulas. 

EXAMPLES. 

(35.) 1. To integrate 

sin. 4 x cos. 3 xdx. 

As, in this expression, n is odd, we shall employ formula II., 
which gives 

r • 4 3 j sin * 5 * a _i_ 2 sin * 5 x _i_ ^i 
/sin. a? cos. a? oar = — - — cos. 3 a: + - . — \- C 

* 7 7 5 

sin. 5 a? ax, 2 sin.* a? _ 

= — — — (1 — sin. 3 x) + m g + C 
7 7*5 

= - sin. 5 ar — - sin. 7 a? + C. 
5 7 

'2. To integrate 

sin. 5 x cos. a? 4 da*. 
As m is odd it will he best to employ formula I. which gives 

/sin. 5 x cos. a? 4 dx = ^ — Jsin. 4 a? + = sin. 2 x\ + 

4-2 — cos. 5 x 
9^7* r - + C 

cos. 5 a? c . 4 4 4*2, 

= — jsin. 4 x + - sin. 3 a? + - — -\ + C. 

9 * 7 7 • 5* 

3. To integrate 

sin. 3 xdx. 

By formula III. , 

* . o * cos. x . „ 2 , ^~ 

/sin. 3 a?aa? = - — sm. 3 a? — - cos. a? + C 

= — - cos. x (sin. a ar + 2) + C. 

4. To integrate 

sin. 3 x cos. a ardr. 
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/sin. 3 x cos'xdx = — J — ^ — (sin. 1 x + -) + C. 

5. To integrate 

sin. xdx. 

r • a j cos * # < • s i ^ . . ,5.3. , 

/sin.'*d* = — {sm.<* + i sm. 3 *+— sin.*} + 

6.4.2 T 

6. To integrate 

sin. 8 x cos. 3 $cfc 

/«..• x cos.' * d* = 52Lf (cos.» x + §) + C. 

It is worth while to observe here, that when either of the exponents 
m, n, is 3, the formula for the integral is so remarkably simple that 
in every such case the integral may be instantly written down without 
any reference to the table at page 59. For by formula I. 

/sin. 3 x coa. n xdx = ', n Jsin. 2 x + — r— \ + C. 

n+ 3 c n+ V 

and by formula II. 

sin "*r 1 ' x 2 

/"sin. w x cos. 3 xdx = — * n J cos. 2 » H r— J + C, 

m •+■ 3 * ro + 1* 

which two forms may be remembered and applied without any trouble. 
Let us now suppose that one of the exponents m, n, is negative, we 
shall then have 

(36.) To integrate the form 
sin. w a? , cos. n a: 



dx, — — = — dx. 



cos. tt a? sin."*ar 

The formulas hitherto given will not suffice for this purpose ; they 
might, indeed, by means of the formulas I. and II., be reduced to the 
forms 

sin. x . xdx , cos. x , xdx 

dxot --, and . , dx or -r 



cos."* cos. n x 8in. m x sin. m a? 



of which the two 
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sin. x , _ cos. x _ 

-~ dx and . ■ (to 

cos. tt a? sin. ro a? 

are immediately integrable, so that, when m is odd, in the first of the 
above forms, and when n is odd, in the second, the formulas I. and 
II. respectively apply. When, however, this is not the case, we are 
led to the forms 

xdx xdx 
sin. w a?' cos."a?' 

which have not as yet been integrated, for ro, n in the formulas III. 
IY. are essentially positive ; the question is therefore reduced to the 
integration of these two forms. Taking the first we have 

yi spfjLx 
^_ = — /sm.-^tfdcc*.* .... (l), 

and, putting 

sin."*" 1 x = «, d cos. x = cfo, 
the formula 

— fwfo = — uo +fvdu 
becomes 

— / sin."**" 1 xd cos. x = — sin.* 4 "" 1 x dcos. x — 

(n + l)/sin. "*•"* x cos. 1 xdx 

= — sin.""**" 1 x cos. ar-— (m + 1) J/sin.~ w ^o: -^-/sul" 1 " a?| dar, 

or, dividing by m + 1, and transposing, we have, in virtue of (1), 

y» dx cos. x , wi p dx 

sin.^a? («i + 1) a\n. mr¥l x m + lJ Bin. m x' 

or, putting w for w + 2, 

f dx = cos - x + m ~ 2 f ** (2 ) 

J sin."* a? (m — 1) sin. ,B ~ 1 a? m — l«/sin. w - a a? 

p dx __ cos.,x , w— 4 /• da? 

* V 8in.° ,ra "« (in — 3) sin. w| -*ar m — 3 •/ sin."*" 4 *? 

/da? __ cos. x , m — 6 /» dag 

sin."*" 4 a: (m — 6) sin." 1 " 5 a: m — 6 J sin."^a?* 

&c. &c. 

By the application of this process, we see that when m is odd, the 
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integration will be finally reduced to that of (—. which, by mul- 
tiplying numerator and denominator by sin. x y becomes 
y» dx r sin. x dx ~ d cos. x 
sin. x J l — cos. 3 a? J\ — cos. a a? 

/ , ,„v i A — cos. x. 4 ^ 

(see ex. 1, p. 16), log. ( ) a + C, 

X I COS. X 

that is, (Dr. Gregory's Trigonometry, page 47,) 

/— : = log. tan. - x + C,* » 

sin. x 6 2 

when m is even, the final integral is simply/cftr = a? + C, or w© 
may, in this case, stop at the preceding integral, which will be 

/-t— -x — = cot x + C. 
sin. x 

(37.) By substituting for the several integrals on the right their 
values as given by the succeeding equations, we shall have the fol- 
lowing continuation of the table of formulas given at page 59 : 

* At art 27 Lacroix's Trigonometry, we find 

cos. a — cos, b tan. } (o -f- b) 

cos. a -f- cos. 6 tan. \ (a — 6)' 

which, when a = 0, becomes 

1 — cos b tan. lb _ _ 

_ _ = L- = tan. 8 1 6, 

1 + cos. 6 cot J 6 * ' 

and, therefore, 

1 — cos. b I 

(l-j-cos. b) 
consequently 



. A — cos. 6.4 
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EXAMPLES. 

(38.) 1. To integrate 

cos. 7 xdx 



sin. x * 
Applying here formula II. we have 

/X5os. 7 xdx l c . . 6 d , 6 • 4 «>,/» cos. xdx 
— = = * jcos, e a? + T cos. 4 ar+- — -cos. a a?J + / 
sin. x 6 < 4 4*2 'J sin. x 

= - \ cos. 6 a? + T cos, 4 x + - cos. 2 a? + log. sin. a? + C. 
o 4 2 

2. To integrate 

sin. 4 acta 



cos. 5 a? 



Applying'first formula I. we have 
sin. 4 xdx 



/sin.* xdx 1 c . , > . /• dx 
r- — = j- Jsin. 3 x — sin. art +/ --, 
cos. 5 a? cos. x c * «/cos. 5 a? 

and applying formula YI. to the last integral we have 

y» dx sin. a? c 1 . 3 >t 3 ,/*■%. ** 
r- = — r- i i- + s 3-$ +-r-r;log.tan.4(-+a:) + C, 
cos. 5 a? 4 *cos. 4 a? 2cos.V 4-2 6 * v 2 ' ' 

4io that 

/sin. 4 xdx 1 c . , 6 . . 
- = t- lain. 3 x — - sm. x\ — 
cos. 5 a? cos. x c 4 ' 

3. To integrate 

cos. 6 xdx 
sin. a? 

— r^ = TCoa. 5 ar+- cos. 3 a? + cos. x + log. tan.- a? + C. 

sin. a? 5 o * 

4. To integrate 



cos. 4 x 
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/• dx sin. x . 2 , ^ 

cos. 4 a? 3 cos. a: 3 

5. To integrate 

ain. 3 xdx 



cos. 3 a? 



/ 



ainSxdx , , ^ 

= cos. x + sec. a? + C. 



cos. a a? 



It must be remarked that, in the form just considered, the process 
fails when m = — «, because then formulas I. and II. become in- 
applicable, but they are not needed in this case, for since 



sin. n x cos. n a? 1 

— = tan. n a% = 



if we put 



cos. tt a? " ' sin." a? tan. n a:' 



tan. x =y ••• da? = 



1 + tf 



we have 



/sin." x j /» «" , /»cos. n a7j /• 1 
^7^ ^ V I+? dy * J 1ST* * -Jtf{i + f) y ' 

and therefore the proposed forms become reducible to rational frac- 
tions. 

(39.) Before dismissing the preceding forms we ought to remark, 
that in those particular cases in which the exponents m and n are 
positive whole numbers, the integration may be effected without in- 
troducing any powers of the trigonometrical lines, the sines and co- 
sines of multiple arcs occurring instead, and these are more easily 
calculated than the powers. 

This form of the integral requires the development of sin. m x 9 cob.*z 
in finite series involving only the sines and cosines of the multiples 
of x, and which development is always possible when m and n are 
positive integers. It gives (see Note B.) 

sin. x = — - cos. 2 x + - 

1 3 

sin. 3 x = — -t sin. 3 x + - sin. x 
4 4 
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4 l a 1 o -L 3 

sin. 4 x = - cos. 4 a? — - cos. 2 a? + - 

8 2 8 

&c. &c. 

cos. a? = - cos. 2a?+- 
2 « 

3 ! or 3 

cos. a? = T cos. 3*+- cos. a? 
4 4 

1 . i l « , 3 

cos. 4 a? = - cos. 4 a? + - cos. 2 x + - 

8 2 8 

&c. &c. 

If, therefore, we multiply by dx and integrate we get 

"/sin. a x dx = — o/ cos * 2 * ^ "t" o x 

2 «1 

= — T sin. 2 a? + - x + C 
4 2 

1 3 

/ sin. 3 xdx = — j/ dm * 3 a: da: + 7/ sin. a?da? 

= — r cos. 3 a? + T cos. a? + C 
12 4 

113 

/ sin. 4 x dx = - /cos. 4 xdx — ~/cos. 2 a? da? + - a? 

8 2 8 

113 
= — sin. 4 a? + -t sin. 2 a? + - a? + C 

ua 4 8 

&C. &C. 

/cos. a a? da? = -/cos. 2 a? da? + - a? 

•* 2 2 

= T sin. 2 a? + r a? + C 
4 2 

1 3 

/cos. a? da? = -jfcoa. 3 a? da? + -r/cos. a?da? 

4*' 4" 

1 3 

= — sin. 3 a? + - sin. a? + C 
12 4 
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113 
/cos. 4 x dx = -/cos. 4x dx + r/cos. 2a? da? + - ar 

8 2 o 

113 

= — sin. 4 a? + - sin. 2 a? + - x + C, 

&c. &c. 

By substituting in the expression of / sin. n a? cos."* a? dx, for the pow- 
ers of the sines and cosines the foregoing values, this integral also 
will be expressed without powers. 
(40.) There still remains for us 

To integrate the form 

dx 
sin."* a? cos." a?* 

Since this is the same as 

sin. 2 a? dx + cos. 2 a? dx 
sin. m a? cos." a? 

we have this decomposition, viz. 

/» dx p dx /» dx 

sin." 1 a? cos. n a? ~" J sin."*" 2 x cos. tt a? J sin."*a? cos."" 2 a?' 

and, by decomposing in this way the successive component integrals 
each into two, we shall finally arrive at forms already integrated. 

EXAMPLES. 

(41.) 1. To integrate 

dx 



sin. 3 a? cos. 2 a? 



/> dx /» dx /* dx 

sin. 3 a? cos. 2 a? «/ sin. a? cos. 2 a? •/ si 



sin. 3 a? 



y» da? /*sin. a?dz /• dx 1 , , 1 

_ _. — § l / = 1- log. tan. - x t 

sin. a? cos. a? J cos. a? «/ cos. a? cos. a? ° 2 

also (37) 

y» da? cos. a? 1 1 

jsin. 3 a? 2 sin. a? 2 2 

consequently 
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y» dx 1 cos. x . 3. A 1 , -. 

sin. 3 a; cos. a; cos. x 2 sin. a; 2 2 

2. To integrate 



dx 



sin. 4 x cos. a: 



/dx __ p dx y»cos. flccfo 

sin. 4 x cos. x •/ sin. 3 a: cos. x J sin. 4 a: 

/dx p dx . y»cos. xdx 

sin. 2 cos. a; «/ cos. x «/ sin. 3 x 

= log. tan. - (- * + x) — -7- 



2 2 ' sin.* 



also 



/cos. a?da? 1 

sin. 4 a? 3sin. 3 x 

-r-r •= log. tan. - (- + x) : n . , +C. 

sin. 4 x cos. x ° 2 x 2 sui. x 3 sin. 3 a? 

3. To integrate 



dx 



sin." x cos." 
This, since sin. x cos. * = £ sin. 2x, is the same as 

dx _ 2"dy \ /» d* = 2n /» <fy 

(|)" sin." 2a? sin. tt y " *«/ sin." a; cos." a? •/ sin." y 

which form has already been integrated at (37). 

4. To integrate 

dx 
sin. a a?cos. 2 a?* 

A a dX a = — 4cot.2* + C. 
J sin. * cos. x 

5. To integrate 

dx 



sin.^cos. 4 ^ 



y» dx sin. x 2 

-7-5 5— = - t- + - tan. x — - 2 cot 2a: + C. 
sin. 3 * cos. 4 * 3 cos. 3 x 3 

(42.) From what has now been shown it appears that the general 
differential expression 
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sin." 1 x cos." a?dx 

may always be integrated when m and n are whole numbers, whether 
positive or negative. It is also completely integrable under other 
conditions and by the same formulas, as is easily seen by transform- 
ing it into an algebraic binomial differential, which we may always 

do. For if we put sin. x = y we shall have cos. x = V 1 — y*» and 
the known expression for the differential of an arc x, in terms of its 
sine t/, is (Differential Calculus, p. 22,) 

dy 
dx = — — ; 

hence, by substitution, the proposed differential takes the algebraic 
form 

n-l 

which we know may always be integrated when either — - — , or — — 

are whole numbers. 

As in the preceding general formulas the exponents morn are 
continually diminished by 2 : this condition of integrability must ne- 
cessarily subsist for the final or reduced integral. 

The reduction of trigonometrical into algebraical functions is often 
advantageously adopted to facilitate the integration of such functions 
in cases which the preceding general formulas do not comprehend. 
But we shall not go into these cases here, as we propose to annex to 
the present section a supplementary chapter, exhibiting a specimen 
of those particular processes and transformations which are most 
frequently found to succeed when the integration is not to be effect- 
ed by general rules. 

(43.) There remains to be considered one more general trigono- 
metrical form to which integration by parts as successfully applies as 
in the preceding cases. 

To integrate the forms 

m * sin." xdx, nf* cos. n xdx. 
Taking the first of these forms, which may obviously be written 

— ro** sin."~ l x d cos. x, 
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and putting in the formula for integration by parts 

v = cos. x, u = — m"* sin." -1 x 
.•• du = — alog.ro. m°* sin."" 1 a: da: + (n — 1 )ro°* sin. ar* - * cos. a? da? 
we have 

— fm** sin."*" 1 x d cos. x = — ro°* sin. 1 *"" 1 a: cos. x + 
a log. mfm * sin. 11 "" 1 a; cos. x da; + 
(n — l)/»t a *sin.""" a a: cos. 2 xdr .... (1). 
The first integral on the right is the same as 

1, .. , , ro^sin."* alos.m . mm . m . 
-/ in - * d sm. n a: = 2 — /m * sin." a: da: ; 

hence, by substitution, the equation (1) becomes 

a log. ro . m** sin." a: 
/to 80 sin." a? da; = — w°* sin."" 1 a: cos. a; H 

W2&^fm~sm. n xdx + (n— 1 )/ro«*rin."^ a: (1 — sin. 8 ar) dr, 

in the second member of which there are two integrals like that in the 
first member ; therefore, by transposing these we have 

(a log. ro) a + » Q /.«,.„ , M . „__, . 

s & ' /m"* sm." a: dx = — wi" sin." -1 x cos. a? + 



n 

a log. m. m a *sin. M o? 



consequently 



+ (» _ Ijym" sin."" 8 a: da:, 



w" sin." -1 a: 



An** sin." a? da? = -7— ^ ^—. — =- \a log. m . sin. x — n cos. a?J + 

(o log. m) a + n 2 c ° * ' 

» ( W — l ) .y^a, sin n-3 ^ (2 ). 



(a log. m) 2 + n 3 

By this formula therefore the proposed integral is reduced to another 
of the same form, but in which the exponent of sin. x is less by 2, so 
that if n be an even positive integer, we shall, by the successive ap- 
plication of (2), finally reduce the integration to 

/m a *dar = — w ax + C. 
^ am 

If n is an odd positive integer we shall arrive at the integral 

fm * sin. x dx y 

10 
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which is itself immediately given by* the formula (2), since the factor 
» — 1 then vanishes ; therefore 

fm * sin. x dx = - — -. zz-r^ I a l°g» m * sm - x — cos- x i "t" ^* 

(a log. m) + 1 

By applying the same process to the other general form we shall ob- 
tain the formula 

. wi°* cos."" 1 x c . i • » • 

/m M COS. n XOX= y—z r=r-. 5 Id log. W • COS. X + tl 8U1. 0?J + 

* (a log. m) a + ir c 



(alog.ro) 3 + n a - / 



EXAMPLES. 

(44.) 1. To integrate 

c* sin. a x dx 

/<* sin. 3 a? da? = "°^ Jsin. a? — 2 cos. a?J + Y+lff*** 

« 

c* sin. a: c . , . 2 , ~ 

= — - — Jam. x — 2 cos. xi ~r - e* + C 
6 c '5 

2. To integrate 

e"* cos. x dx 

/e M cos. x dx = -s— ; — - la cos. a? + sin. xi + C. 

J a? + 1 c ' 

3. To integrate 

e* sin. 3 x dx 

e 9 
/«■ sin. 3 xdx=^ — |sin. 3 ar + 3 cos. 3 x + 3 sin. a? — 6 cos. x\ + C. 

(45.) We shall terminate the present chapter by showing how 



To integrate the forms 

X sin.' 1 x dx 9 X cos." 1 x dx, &c. 

in which X is an algebraic function of a;. 
By applying to the first of these expressions the process of integra- 
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two by parts, sin."" 1 x being put for u and/Xdx for v, we have, since 

dx 
d sin."" 1 x = / | ~1» 

the following formula, viz. 

/• fXdx 

which, since X is here supposed to be an algebraic function, reduces 
the proposed integration to that of the algebraic functions 

By applying the same process to the second expression, the integra- 
tion of this also will be obviously reduced to that of algebraic forms ; 
and such would always be the case if, in the above expression, 
tan." 1 sr, sec." 1 a:, &c. were put for sin." 1 x y because the differentials 
of all these are algebraic functions. 

(46.) We shall apply the above formula to one or two examples. 



EXAMPLES. 



1. To integrate 

x 3 dx 



sin."" 1 x. 



VI— x 2 

We have first to integrate 

x* dx 
TLdx = 



^1— -a? 
By referring to ex. 3, p. 41, we find 

/> x 3 dx i 1 • 2 __ 

als« 

J { S X + 1-3 J 9 + 3 ' 

hence, by substitution, the above formula becomes in the present 
case 
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/► * dx i o ^ __ 

, 1 _ J;a sin.- 1 « = — (gar'+g) V 1 — a? . sin. -1 * + 

2. To integrate 

jr 2 sin."" 1 x dx 

f\dx=fx 2 dx = y, 
alsj. 

hence 

«js 112 

/a? sin." 1 a? cfa? = — sin.- 1 x — ota^ + o) ^ 1 — a? + C* 

3. To integrate 

x* dx 



sin."" 1 a: 



^l_a* 
y» x dx 1 q ^l 

/Tf^^- 1 * =-1(4^ + 2-^*) ^T^-jean.-'*? 

4. To integrate 

a:* tan."" 1 x dx 

fx*Um- l xdxl=^tsm.- l x — \\^ — y + 1o S- C 1 +**)* + C - 

5. To integrate 

3* sin."" 1 x dx and a^ 1 tan." 1 x dx 

/ x* sin." 1 xdx~ : 7 sin." 1 X ; — - / — , 

J to+1 m + I J y/ 1 #» 

. , a^*" 1 . 1 /•x m+l dx 

far tan."' xdx = ^^ tan.- »- -^y—y. 



■ . t 



THE INTEGRAL CALCULUS, Tt 



CBAFTEB VI. 

ON INTEGRATION BY SERIES, AND ON SUCCESSIVE 

INTEGRATION. 

(47.) As our object hitherto has been to obtain general rules and 
formulas for the integration of a differential expression, we have con- 
fined our attention to the principal of those forms which are com- 
pletely integrable. These, however, are very few* jn comparison to 
those forms which the calculus in its present state furmshee no means 
of integrating in finite terms. We now come to consider this latter 
class of differentials, and to show that the integral of any differential 
whatever may always be expressed by means of series. 

Integration by Series. 

(48.) Let X represent any function of a? whatever, and put 

fXdx = Vx . . . . (1), 
then, by Taylor's theorem, 

or, substituting x for the indeterminate ft, 

F (»_») = [F«] =/Xd*-X* + *jL .JL _ 

*? • r"F3 + 

where [Fa;] is what Fa; becomes when x = 0. Hence, by transpo- 
sition, we have 

which is the series of John Bernouilli. 

From this general expression for the integral ofJLdx it appears 
that the integration of every differential expression, containing one 
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variable, may always be obtained, although not always in finite terms. 
The quantity [/Xdz] is obviously the arbitrary constant, being what 
the complete integral becomes when x = 0, that is, [/Xcfc] = C. 
We have given this series of Bernouilli more with the view of show- 
ing the possibility of obtaining in every case an expression for the in- 
- tegral, than for the sake of the utility of this expression in computing 
the actual value of the integral in particular cases. For such pur- 
pose it is obviously necessary that the series converge, which requires 
that it proceed according either to the ascending or the descending 
powers of the variable, which that above will rarely do, seeing that the 
several differential coefficients are functions of x. 

(49.) If, instead of the theorem of Taylor, we apply that of Mao 
laurin to the function (1), we shall have 

&c (3), 

which is a series much more useful for the purpose in question than 
that just given. This, however, fails to be applicable when x = 

renders X, or -j-, or -r-^-, &c. also 0. The term \_fXdx'] is here, 

ax dsr 

as before, the constant C, which completes the integral. 

(50. ) Another mode of obtaining the developed integral / Xcfcr, and 
the one most frequently employed, is to develope X by the processes 
of algebra into a series of terms, such that, being multiplied by dx> 
each may be integrable separately ; then these series of integrals will 
necessarily be the development of/Xdx. In this way, we may rea- 
dily derive the formula (3), above, belonging to those cases where 
X may be developed according to the increasing positive and whole 
powers ofx. For such development of #, by whatever process ob- 
tained, must of course agree with that furnished by Maclaurin's theo- 
rem, that is 

Now there are two ways equally obvious, in which we may render 
the right hand member of this equation identical to the right hand 
member of (3) ; we may, as above noticed, multiply by dx, and inte- 
grate each term, annexing the arbitrary constant C, or we may mul- 
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tiply by x, and then divide each term by the number denoting its place 
in the series, still annexing the constant C. 

(51.) This latter method leads us to remark, in passing, that the 
development of functions by Maclaurin's theorem may sometimes be 
considerably facilitated by developing one of the differential coeffi- 
cients algebraically, instead of continuing to differentiate. 

Had this means of avoiding the trouble of differentiating occurred 
to us at the time, we should certainly have adopted it in developing 
tan." 1 x 9 at page 37 of the Differential Calculus. For, by develop- 
ing by common division, the first differential coefficient 

dy_ 1 
dx 1+x* 

we get with the greatest ease the series 

1 + o* — x 2 + Ox 3 + x* + Ox 5 — x 9 + &c 

and it merely remains now to multiply this series by a?, and to divide 
each term by the number denoting its place, so that, putting tan. y for 
a?, we have 

y = tan. y — - tan. 3 y + - tan. 5 y — - tan. 7 y + &c. 

and in a similar manner may the developments of sin." 1 a?, cos." 1 or, 
&c. be facilitated, as will be farther shown in some of the following 
examples : 



EXAMPLES. 

(52.) 1. To determine the integral of 

dx 



a + x 



in a senes. 
By division 



1 x . x 2 x 3 . « 
= --^- — + — -*-— + &c. 



a + x a a? a 3 a 4 



Multiplying by x 9 and dividing each term on the right by the number 
denoting its place, we have 
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y» dx __x x* a? «* • a. i ri 

a + x a 2a 2 3o 3 4o 4 

We already know, however, that 

dx 

or, in other words, that — -. — is the first differential coefficient of 

a+ x 

log. (a + a?), so that, by means of this first coefficient only we easily 
get the development 

.XX 2 X 2 X* - 

lOg. (a + 0?) = log. O -{ — r- + — : -r—r- + &C 

the first term of the development, when it proceeds according to the 
positive integral powers of x, being always what the proposed func- 
tion becomes when x = 0. 
2. To develope 

dx 



>/ 1 +X 3 ' 



By the binomial theorem 



= 1 _^ + L^_I4^ +& , 



>/ 1 + a* 2 2-4 2-4- 6 

Multiplying by x y and dividing the several terms on the right by 
1, 3, 6, &c. on account of the absent terms in x 9 x 3 , &c. we have 

/ » dx 1 1 -3 1-3-5 

N /T+^~ ar — ^l^ + ^T^ 375- 2-4-6 .7 a?7+&c - +€ - 

But (p. 30) 

/► dx 

jT+J = ,0 S* (* + ^ * + *") + C, 

that is» die first differential coefficient of log. (a + Vl + a?) is 

dx 
, . , . by means of which we obtain the development 

1 1-3 1-3-6,,. 

log.(* + VI + ^)=»- 2 -73^+2T4^''- 2.4.6</ +&e - 
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3. To integrate 

dx 



by series. 
By the binomial theorem 

1 1 1 f 3 1-3-5 m , A 

7=^ = 1 + 2^ + 2T4^ + 2^T6^ +&C - 
Multiplying by x and dividing the terms by 1, 3, 5, &c. severally we 
have 

/ » <k 1 1-3 1-3-6 

But 

/» dx 

consequently 

sin." 1 a? = x +- — - x* + — - — ra 5 + ^ A „ m a^+fcc. 

2-3 2-4-6 2-4-6-7 

4. To integrate 

dx • 



<s/x*— 1 

in a series of descending powers of x. 
By the binomial theorem 



_ 1 . 1 . 1'3 



Va*— 1 i J 1 ~x^2x* T 2 • 4x 5 

a? a v i — - 

1 2a? 



1 ' 3 ' 5 +&C. 



2 • 4 • 6a? 7 
Multiplying by dx, and integrating each term, we have 

/ » <** 1 1-3 

^a*— 1 ~~ log ' * — sF2?~~2-4-4* 4 ~ 
1-3-5 



2 • 4 • 6 • 6s 8 

but (18) 

11 



— &c. + C, 
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hence, by this means we obtain the development 

1 1-3 

log. (x + V a*—l = First term + log. a? — J^2?~ 2-4.4** 

1-3-5 - 

— &c. 



2 -4 -6 -6^ 



As the series in this case is not according to the positive powers of 
x y it does not agree with Maclaurin's, and, therefore, the first term is 
not what the proposed becomes when x = ; we may, however, 
easily discover what this term should be. We at once see that by 
putting x = 1 the first member of this equation becomes log. 1=0, 
and the second becomes 

tv ** l 1-3 1.3-5 - 

First term — - — - — -— - — - — ^ M „ ^ — &c. 
2-2 2-4-4 2-4-6-6 

which must, of course, be also 0, consequently 

1 . 1 • 3 , 1 • 3 • 5 
First term = - — - + -— - — - + ^ A „ „ — &c. 
2 • 2 2-4-4 2-4-6.6 

so that we thus have the complete development of log. (x+*/x* — 1). 
5. To integrate 

dx 

ar»+ 1 

in a series of descending powers of or. 
By division 

1 =i 4+i _± + &c . 



X*+l 1 X 2 X* ' X 9 X 9 

**(1 + ^-) 

Multiplying by dx and integrating we have 

Jx*+1 * 3r» 5a* + 7a* ® C# + i " 

hence 

tan.- 1 x = First term h — r- — — =- + — r — &c. 

x 3ar 5a? 5 7ar 7 
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To determine the first term we may remark that when x = oo , 
2 1 



tan." 1 a? = ~, so that the development above then becomes 



2 = First term, 



the first term is therefore thus determined. 

The preceding examples will serve to show that functions may 
sometimes be readily developed, by first developing the differential, 
and then integrating each term separately. 
6. To determine the integral of 



V 1 — e 2 x 2 f 

— = — dx. 
VI— x 2 

This differential cannot be integrated by any of the formulas in 
the preceding chapter : but, since it may be written 

dx 



VI — x 2 



. Vl—e'x 2 , 



it is obvious that if V 1 — c 8 x 2 be developed in a series of ascend- 
ing powers of x, the development of the proposed will be a series of 
terms all of the form 

x*dx 



VI— x 29 
and are therefore all integrable (25). 
By the binomial theorem 



1 1 1-3 



Vl-« = l--^ + ri eV-2 lr g^ + fcc. 

and multiplying by 

dx 



VI— x 2 
and then, integrating each term, there results 

P V 1 — &X 2 , 
/ , — dx = 

J V 1—x 2 



sin." 1 a? 



• + 2 ^s^i — ** — g™-" 1 *! 
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, 1 lt ,l , . 1-3 1 • 3 . _. , 

+ 2^i e ^ + ^4^ ^ 1 -* a -2^4 8m ' ** 

1-3-5 . _, 

sin. jcf 

2-4-6 $ * 

+ &c. + C. 

7. To determine the integral of 

a'dx 

By division 

_L_ = i + x + 3* + ^+ &c (1), 

1 — x 

also (DtJ. Cafe, p. 31,) 

<f = 1 + arlog. a +^log. 2 a + ^ ^ log. 3 a + &c . . . (2). 

Multiplying (1) and (2) together, we easily get 

^?L = i + (i + log. a) x + (1 +log. a+^|— )**+(l+log.a 
1 — a? « 

. log. 2 a , log. 3 a. . , _ 

consequently 

/• (fdx x 7 log. a a x a 3 , 

JjZZi = *+(! + J °g. «) T + C 1 + lo g« « + 2~ } "3 + 

log. 2 a . log. 3 a v s* 4> , ^ 
(1 + log. a +-^- + -^y ) T + &c. + C. 

8. To integrate 

dx 



s/2x—x* 
by series. 

/ > dx Jx x 3a£ 

V2^T? - V 2^ 2 + 2-3 + 2. 4-6-2 + 

3 -5s 3 
2 • 4 • 6 • 7 • 4 * 

= versin." 1 x + C. 
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D. To integrate 

dx 



V2X+X 2 
by series. 

p dx _ — 1 x 1 * 3 a* 

Jv2x~+tf " V2a? Jl_ 2^3-2 + 2-4-5-T- 

1 -3 *5 a? 



= log. C (x + 1 + ^2a? + x 2 ) (ex. 12, p. 32.) 
10. To determine 



J losr . v * 



yfev = {iog - )2y + iog - y + t^2 • ^k 1 + 



log. y 

i log- 3 y 

1-2-3" 3 
11. To integrate 



+ &c. + C. 



p 



(o + baT) * x"- 1 dx = 
when it does not satisfy either of the conditions of integrability, 

J (a + baf) 9 or- 1 dx = 



p 



«"' £ +** ^ + |, ? , 7^ y -^- + *e.| + C. 

c m gam +n 1 • 2g 3 flr to + 2» ' 

12. To integrate the same form in a series of descending 
powers ofx. 
Putting the differential under the form 

(b + ±) T x~ dx, 
x" 

and developing the first (actor by the binomial theorem, we find by 
integrating each term 

f(a + bar)T x^ dx = 
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mq+np qb mq+n(p — q) 1 • 2<f 6 s mq + n{p — 2q) 

+ &c.$ + C. 

Successive Integration. 

(53.) In all the foregoing examples, the first differential coefficient 
is given to determine the primitive function from which it has been 
derived ; when, however, it is not the first, but the nth differential 
coefficient which is given, then by a first integration, we shall arrive 
at the preceding or n — 1th differential coefficient ; by a second in- 
tegration we get the n — 2th coefficient ; and, by thus continuing the 
integration, we at length arrive at the original function. As each in- 
tegration introduces a constant, it follows that the complete primitive 
ought to contain as many arbitrary constants as it has required inte- 
grations to obtain it 

Let i/ represent the primitive function, a? being the variable, and 
put 

dTy dr~ l y 

hence, by integrating, we have 

Q =/m, = x, + c,. 

Again, from this last equation we get 

<*(£3) = X * * + C > ** 
and, by integrating, 

^^ =/X l dx +fd da = X, + C x x + C* 
ox"-* 

In like manner, from this we obtain 

d{-rp |) = Xs dx + dxdx + C 8 dx y 
and integrating 
^ = /X 2 dx+/C l xdx+fC 2 dx = X 9 +C x ^ + C 2 x + C 9 ; 

and, continuing thifl process, we have, after n integrations, 
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/■I*. = X. + 0. 2 -T^Z_-T)+ S-3.^»- 8 ) + 



2 -3... (» — 3) 



•a 
+ ....+ Cn-2—- + C^! a: + C B . 

The first term X n of this scries is the nth integral of Xdr", without 
the arbitrary constants ; the remaining' part of the series is what 
ought to be annexed to every such integral in order to render it com- 
plete. 

(54.) We may readily obtain the development off n Xdx as fol- 
lows : By Maclaurin's theorem, 

f»Xdx« = [/• Xcfc*] + [/"- 1 daT- 1 "] x + [f**Xdar*] -£- + 

+ ^ i-2..^-i) + mT^ + 

L d* J l-2...(» + l) + W J l-2...(n + 2) + 

in which 

[/Xcfa], [/'Xcfc 2 ] [/»Xd<] 

are the constants C 19 C 2 C n . 

It appears from this formula that when fXdx is developable 
according to the increasing positive whole powers of a?, so also is 
/"XcLb* , and that in such cases 'it is nearly as easy to determine by 
this formula the complete integral of/ B X<fcc" as that of/Xda? ; it will 
be necessary merely to develope X according to the increasing powers 
of a?, as in the former parts of this chapter, and to substitute for x% 
x, x 2 , z 3 , &c. in that development, the quantities 

*J* m/*^T rn^W <*jH"3 

1-2 »' l-2...(n+l)' 3•4...(»+2) , 4•5...(» + 3) , 

annexing the terms containing the arbitrary constants as above ex- 
hibited. 



*** 



: * 
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EXAMPLES. 

(55.) 1. To determine 

dx* 

By the binomial theorem 

= 1 — - a^+ - — r ai*— - — T—7T & + &c. 



y/ 1 + *? 2 2-4 2-4-6 

and if in this series we substitute, agreeably to the above directions, 
instead of #°, a 8 , a: 4 , ar 8 , &c. the quantities 

g» af tf a* fc 

1 -2 -3 -4' 3-4-5 -6' 5-6 -7 • 8' 7-8- -9 -10* 

we shall have 

n _d^_ x * x* , l-3a* 

J ,t—, — 5~^— ^ — r — t: — o — : — r~r + 



>/l+a* 2-3-4 2 -3 -4-5-6 2-4-5-6-7-8 

1 • 3 • 5a*° 



2-4-6-7-8-9-10 



+ &c. 



2. To determine 

f 2 sin. xdx 2 . 

By actually integrating, omitting the constants, 

/sin. xdx = — cos. a? 
/ a sin. xdx 2 = — /cos. a?da? = — sin. or " 
f 2 sin. a^fa 3 = — /sin. a?dr = cos. * 
hence, completing the integral, 

p sin. xdx 2 = cos. a: + C t — + C a a? + C3. 

3. Required the curve whose equation is 

^ =Cl or-^(, 
Here X» Xg, X 3 , X 4 , (art. 51,) are each 0, therefore 
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hence the curve is a parabola of the third order, or else one of its 
varieties. 

4. To determine 

.. a 2 — a* 



J (a* + a 2 ) 3 
Decomposing the fraction, we find 

a* — a 2 2a* 



dx 2 . 



(x 2 + o a ) a (x* + a*) 2 ** + <*' 

multiplying by dx, and integrating, we have (13) 

/» 2x*dx x , p dx 

{x 2 + a*) 2 a^ + a 3 + •/ar 8 + a 8 

and adding 

y» <Ja? 

. f*—* fc- x « C 



therefore 



= i log. (a* -f a 8 ) + C* + d. 

5. To determine 

/* cos. x dx*. 

*- x 2 x 9 

f A cos. xdx' = cos. a? + C x s — - + C t — + C, * + C 4 . 

2*3 2 

6. To determine 

/Vtfc 3 . 

pedx 2 ^? + 0^+ C a a?+CV 

7. To determine 

dx A 



P 



>/ l—x 2 
12 



**. 
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dx 



x* x* 1 • 3a* 



r-===-i- + „ n *~ + 



VI — x 2 2-3.4 2-3-4-S.6 2*4-5*6-7-B 

1 • 3 • 5* 10 



2 -4 • 6 • 7-8- 9 • 10 



+ &c. 



+ C l2 -^ + C 2 ^- + C 8 ar+C 4 . 



OHAFTSB VII. 

ON INTEGRATION BETWEEN LIMITS, AND ON THE 

SUMMATION SERIES. 

(56.) In the practical applications of the calculus, it isnotth* 
general, or, as it is usually called, the indefinite, integral that is ulti- 
mately required, because here the constant which completes the 
integral is indeterminate, whereas, in every particular inquiry this 
constant has a corresponding particular value, thus rendering the 
integral definite. 

When the indefinite integral is found, it is easily rendered definite 
by the nature of the problem, which always fixes a limit or origin to 
the integral, that is, it is known to become for some known value 
of the variable, and from this circumstance the proper value of the 
constant becomes determinable (3) . The integral is, indeed, in rngtft 
cases entirely limited by the nature of the problem, being comprised 
between two given values of the variable x = a, x = b ; so that, by 
substituting these values successively in the general expression, and 
taking the difference of the results, the arbitrary constant becomes 
eliminated, and t£e remainder, which is entirely definite, is the valnf 
of the integral betwen the proposed limits. Thus the general or in- 
definite integral ofx m dx is 

faTdx = r— - + C : 

m + 1 
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but, if this be required between the limits ar = o,i=l,we shall 
have to take the difference between 

n m+l Lm+l 

+ C and —— + C, 



m + l m+l 

and we express the result of this integration between the limits a and 
6 thus: 

/ a m+l £*n-l 
I x m dx = -r-7— » 
6 m + 1 

the limit b, corresponding to the value which is subtracted, being 
placed below the other limit a. 

If 6 be the origin of the above general integral, or the value of x for 
which it vanishes, then, since 



m+l' 
so that the definite integral is 



/: 



af*dx — 



m+l 

we shall give an example or two, in which integration between limits 
will be required. 



EXAMPLES. 



(57.) 1* It is an important question in mechanics to determine 
{he time which a heavy body will require to fall through an arc of a 
Vertical circle, that is to say, from a proposed point of departure to 
the lower extremity of the vertical diameter. If a represent the ra- 
dius of the circle h, the height of the point of departure, and x any 
variable intermediate height from to ft, we are led, by the laws of 
motion, to an expression for the differential of the time containing the 
differential 

dx 



V^ax — x 2 ) (h — x) 

this therefore must be integrated, to obtain the time sought. It is 
not, however, integrable in finite terms, but by writing it thus 
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dx x v — 



V2a(hx — x 2 ) 2a 

we at once see that, if the second factor be developed in a series of 
ascending powers of a?, the proposed differentia] will be reduced to a 
series of others, all of the form 

zTdx 



y/2a{hx — x 2 ) 

which is an integrable form. 
Therefore, developing by the binomial theorem, we have 

n JLr*-1 4- l£.4-Il® **-4- 1 ' 3 ' 5 ** I ftr 

11 _ 2a } ~ "*" 2 2a "*" 2 • 4 4a a "*" 2 • 4 • 6 8a 3 "*" ® C * 

and multiplying each term of this series by the other factor, we have 
this series of integrals 

/► dx 2 A 

— == = t versin. # to radius x + C 
^hx—x 2 h 2 

/» xdx — — h p dx 

— = = — </hx — x 2 + n I — = 
y/hx — X 2 2j s/hx—X 2 



p x*dx x y/hx—x 2 Sh p xdx 

JJhx—x 2 ^ ^2 + TJVhx—x* 



/» x*dx x 2 */hx — x 2 5h f a?dx 

sfhx—x 2 » 6 J^Jkx—J 

&c. &c. 

By the question the limits of these integrals are a? = 0, x = h; we 
have, therefore, 

/dx 

/xdx h 

~ a*dx 1 »3&* 

J ° s/hx—x* ~~ 2 - 4 

- a^dr 1*3 -5& 3 

./ °</&r— a*"" 2-4-6 
&c. 
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and, consequently, 

/: 



dx 



V (2ax — a?) (A — x) 






2. To determine 






</l— a* 

By taking the difference between the two values of each in 
at pages 42 and 43, for the values a? = and x = 1, we have 



/da? tf 

V 1— ar»""2 

/x*dx 1 * 

i7r-^ = 2-2 

1 * 3 
S 2- 4 



iB*da? 



•/ <Vi_ai 



2 



= 1 



/xdx 
J o^ 1 _ a *""3 

y o >/1 _ a? a ==: 3T5^ 
&c. 



2 - 4 
5 



2 -4-6 
7 



f x J>PJf_ __ 1*3*5*7 (2n — 1) *r 

J o ^/ YZl"a> ~~ 2 • 4 • 6 • 8 2n ' 2* 



*• ar'da? __ 1 -3-5 at 
y i^/YZr^""2-4-6* 2 

&c. 

or, referring to the general expressions at pages 42 and 43, we have, 
when m is an even number = 2w, 

1-3 

V ~~ 

and, when m is an odd number = 2» + 1 

f% x*+ l dx _ 2 - 4 - 6 • 8 2n 

y J ,/T^^ ~~ 3-5-7-9..(2n+iy 

If n is a number infinitely great, then will 

p x**dx ~ x*+ l dx 

by division, 



1 = 



2'4'6'8'lOw.... 
3 • 5 -7- 9- 11 



1 -3 -5 -7-9 * 

2 • 4 • 6 • 8 • 10 2 
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and, consequently, 

2 - 4 - 6 - 8 • 10 

^ 3-5 -7-9 • 11 2-2-4-4-6-6-8-8.... 



2 ~~ 1 -3 -5-7-9 1-3-3-5-5-7-7-9-9.. 

2 -4-6 -8- 10 

a remarkable expression for the rectification of the circle first given 
by Wallis. 

Modern English authors frequently put the above expression of 
Wallis in a very improper form, by writing it thus : 

2 2 - 4 2 - 6 2 ad inf . 

. 1 • 3 2 • 5 a ad inf.' 

or thus : 

2 a -4 2 -6 2 ad inf. 

3 a -5 a -7 a ad inf.' 

neither of which expressions can represent the quadrant of a circle, 
for the first is infinite, and the second is 0. 

3. To determine 

J ° y/x(\ — X 2 ) 

dx 1 1-3 1 • 3 • 5 

4. To determine 

/»* dx 

J y/l _ a A 

n dx , 1 1-3 1-3-5 ne 

In the foregoing examples the integral between the LupQ^is obtained 
from the general integral previously found. But series have been 
determined for approximating to the value of the integral between 
limits without first finding the general integral. The investigation 
and application of these series, although an inquiry of considerable 
importance, cannot be with propriety fully entered into in an elemen- 
tary treatise like the present ; we must therefore content ourselves 
with referring the inquiring student to more extensive works on the 
Calculus, as the large treatise of Lacroix, the second volume of 
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Jephson's Fluxional Calculus, and JW. Levy's able article on the Ak ' . > .!" 
tegral Calculus, in the Encyclopedia Metropolitana. ' 

(58.) We shall occupy the remaining part of the present chapter 
with a few examples of the application of the Integral Calculus td the 

Summation of Series. 

1. Required the sum of the series 

* = x + 2a? + 3a 3 + 4a? 4 + . . . . nx* . 

Multiplying by — we have 

dx 

s — = dx + 2a? dx + Zx 2 dx + . . . . nx*~* dx. 
x 

Integrating this 

fs— =z x + a* + a* + + a? = *~* M " 1 +C. 

a? 1 — a? 

^■Tbe differential of this equation is 

r dx __dx — (n + 1) af dx + na^cfca? 

* T (1 — a?) 2 * 

from which there results 

_ (a? — n + 1) a** 1 + naf*« 

2. Required the sum of the infinite series 

a*** 1 a?*"*"* a?"'* 5 

* ^ n+1 + 2 • 3 (n + 3) + 2 • 3 • 5 (n + 5) + 

+ &c. 



2-3-4-5-6-7(n + 7) 
Since (Diff. Cole. p. 31,) 

e»=l + a:+-- + — 1 1 ~ 1- &c 

x 2 x 2 a? 4 x 5 

V *"•« * -» + T -2T3 + ^7374- 2.3.4.5 + &c 

we have, by taking half the difference, 

1 1 ^ = , j?_ , x 5 £ 

2 2* * 2-3 " t "2-3-4-6 2-3 • 4- 6- 6 • 7 +&c ' 
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hence, multiplying by a*~ l dx, and integrating, we have the following 
expression for the sum of the proposed series, viz. 

-fe?.ar- x dx — \fe— aT' l dx = 
2 J 2 J 

+ « 7TZ , x>v + 



n+ 1 2-3(n+3) 2-3-4-5(» + 5) 



+ &c. = *. 



2-3-4-S-6 -7(» + 7) 
But (30) and (31) 

\fear- l dx = \ e \x*- x — (»— i) &-* + 

& 2 

(» _ i ) (» _ 2) or 3 — &c. I 

lfe-x"- l dx= — le-\ar- l + (»_l)a*-* + 
2 « 

(»— 1) (n — 2)a*"* + &c.{, 

consequently I 

8=1? {x+- 1 + (n— l)a*- 2 + (n — l)(n — 2) x-* — &c| + 

ic-*!^- 1 ^ (n — l)*- 8 * (n — l)(n — 2)a*-* + &c.$ 

Suppose n = 2, and ar = 1, then this equation gives s = c"" 1 , there- 
fore 

1 1 = 1 + * * 



e 2- 71828- •• 3 2-3-5 2-3-4-6*7 

+ &c. 

2* 3 -4-5 -6-7.9 ^ 

3. To determine the sum of the infinite series 
* = ; 1 r-T-T r- s- + - • • • 



p+q * p + 2q ' p + 3q l --'p + nq' 
Let each term of this series be multiplied by the correspondiBg 



term of the series 



* + l .£ + 2 *+• 



X * ,x 9 ,x 9 , &c. 
and we shall have the new series 
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-2 + 1 -^ + 2 -2 + 3 

O X * I X ' I X * _l_ fir 

p + q p + %q p + 2q 



which agrees with the proposed, when x = 1. 
By differentiating this, we get 



- + i , . -+a 



qd8 — x 9 dx + x 9 dx -\- x 9 dx + &c. 

J! 
= (l + * + a* + * 3 + * l + &c.) ** dx 



x 9 . „ 1 /• ar ? 



dx .•. S = - /- efcr, 

1 — x qJ 1 — x 

consequently 



a*/ °1 — x 



8 

q 

which is a general expression for the sum of the series, x = being 

the origin of the integral, or the value for which it vanishes. 

1 
Suppose p = 0, then the above integral is - log. = oo ; hence 

q 

^ 2q 3q 4q 
whatever be the Unite value of q. 

4. To determine the sum of the infinite series 
1 1 ^ 1 « 

8 = — ~— : H — &C. 

p + 9 P+ 2 ? p + 3^ 
By proceeding as in last example, we find 

p 

qdS = (1— x + x* — x* + x* — &c.)x* dx = — ■ — dx 

1 + 07 

... S = - f— - — dx .•. 8 = - / i — - ; — dx. 
qJ 1 + x qJ ° 1 + x 

If we suppose p = 0, this integral is - log. 2, therefore 

13 
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which we already know from other principles. (See the Essay on 
Logarithms, p. 3.) 

5. To determine the sum of the infinite series 



1 1 , 1 , 

B = ± + ± &C. 

(p + q) m (p + 2q)m? (p + Sq)m 3 



Let each term in this series be multiplied by the corresponding 
term in the series 

- + I -+« -+3 „ 

x q , x q , x* , &c. 
and we shall have the new series 

ft = 4- 1_ «t C 

(P + 9) m (P + 2 9) ™ a (p + 8«)rf- 

which will agree with the proposed, when x = 1. 
By differentiating this we have 

* m fir m 3 

1 x x 2 * 

= (— ± -5 + -= ± &c.)a?'da? 
m wr m 3 ' 

m ± x qJm zp x 

• •.* = - / ? dr. 

6. To determine the sum of the infinite series whose general 
term is 

1 

( p + qn) (r + «»)(* + un) &c.' 

n being the index of the term, or the number of its place in the series. 

By examples 3 and 4 

p p p p 

1 /• X 9 X s X q X* 

Xi= — / daf= db 1 db &c. 

g*/ 1 =F a? P + <? p + 2g p + 3q 

Multiplying this equation by 



dx 
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i-^-i 



a?' * dx, 
and integrating, we have 

X 8 = - fx x x< * "* dx = t — r 
*•/ (p + 



r 

7 +l 
a?* 



(P + q) ( r + s ) 

r 
-+2 

X' 

+ &c. 



(p + 2q) (r + 2*) 
Multiplying this by 

t r 

*" " '"* dx, 
and integrating, we have 



1» r 

A 3 = - / X 8 x u ' dx = t — 



a? u 



0> + ?)(r + «)(! + «) 

T + 2 

+ &C. 



(P + 2 9) ( r + 2 «) (* + 2 «) 

and, by continuing this process, we shall obviously at length have, 
after m integrations, and expression X m for the sum of a series of the 
kind proposed, of which the denominator of each term has m factors ; 
observing to take the final integral between the limits x = and 
x = 1. 

If there are but two factors in the denominator of each term, that 
is, if the series is 

+ 7 — rrr-r; — r^r-r + &c. 



(P +«)(*+•) (P+2 9 )(r+2«) (p+3o)(r+3*) 
then the general expression for the sum is 



1 .1 _ J? 

X a =-/*X l a?' »"" l da? = S 

95 J 



p 



dx I— 
which, by integrating by parts, becomes 



* dx f- dx, 

J 1 =F a? 



4 '7 O f ! »••• hv 



100 THE INTEGRAL CALCULUS. 



x' * r x 9 1 /» X' . 

/- ax / ax. 

,r p.Jl^x r p. J 1 ?f x 

qs( *-) ^ qs( £) ^ 

* s q' * v 5 q 

Now for x = 1 the coefficient of the first of these integrals becomes 
the same as that of the second ; hence, between the limits x = 1 
and x = 0, we have 

1 /•, ** 



/•.f^iL-d, (A). 



When this general formula is applied to a series whose terms are all 
positive, then, it may be observed, the sum will be expressed purely 

algebraically provided be a whole number. For, putting 

s q 

r p 

= to, the formula becomes 

9 q 

qsm J ° 1 — x 

which is obviously algebraical, when to is a whole number, since 
1 — X™ is divisible by 1 — x (Alg. p. 162.) But, if the signs of the 
terms are alternately positive and negative, then, that the sum may 
be algebraical, to must be an even whole number, for in this case the 
formula is 

, = JLriiLr«*)* i dx , 

qsm J ° 1 + x 

and 1 — X" 1 is not divisible by 1 + x, unless to is even. 

We shall now apply the general formula (A) to one or two particu- 
lar cases, where the summation cannot be effected in algebraical 
terms, because, when the series is summable algebraically, the new 
and easy method explained in the Algebra is, we think, preferable as 
well on the ground of its greater simplicity as of its greater generality. 

Required the sum of the infinite series 

which agrees with the proposed form. 
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Here p = — 1, q = 2, r = 0, * = 2, and for these values the 
formula (A) becomes 

1 r aT*— 1 _ 

* = - / * — oar, 

2J o 1 — x 



or, putting y for a?* 



8 = f 1 —T— = log. 2. 



Required the sum of the series 

1-4 2*53*6 4*7 

Here j> = 0, q = 1, r = 3, 5 = 1, so that in this case the formu- 
la is 

\ P dx 1 p x a? , 

the general integrals are 

x* x* 
log. (1 + x), and — + — H * log. (1 + *) 

.-.« = |log.2-±. 
Required the sum of the infinite series 

Here p = — 1,9=2, r=l, * = 2, therefore the formula is 
_ 1 /• i #""* «te 1 /» 1 a? ■ , 

*~iJ °TTT — 4/ °ITi ' 

«r„ putting y for ar* 

*~~2J °TT~y 2 ~2J °T+tf y ' 

1 ri__Jy__y .1 fi_Jy_ 

2J °l + y 2 2 T 2J °1 + •/ 

/i dy 1 * 1 

1 4- 2T 1 _ 2 "~4 — 2* 



102 THE INTEGRAL CALCULUS. 

We might now proceed to deduce the general expression for the 
series, when there are three factors in the denominator of each term, 
and then when there are four factors, and so on ; but all this would 
occupy much more space than can be devoted here to these matters. 
We must refer, therefore, for these particulars to Clarke's translation 
of Lorgna's Method of Series. Without, however, deducing formu- 
las for the summation of the various classes of series, included in the 
very comprehensive form proposed in the present example, we may 
obviously apply at once to any particular series the process of Lorg- 
na, above exhibited, and it is this indeed that is usually done. Let 
it be required, for instance, to sum the infinite series 

1-2-4 2-3-5 n 3-4-6 
Here we know that 

v /• dx x 2 . x 3 x 4 . ,, 

Multiplying by <&?, and integrating, 

*• £\ dx x 2 x 3 x* 

*• =V ^Jt+s = FT2 -2^3 + 3^1 - fcc - 

Multiplying by xdx, and integrating 

x ° = /*V^/r^ = rr^-2^ + F^- &c - 

Now, by the integration by parts, 

f*frh = xlog - (1 + x) -frvx**^ 

(x + 1) log. (1 + x) — X 

.-. X 3 =/a? (x + 1) dx . log. (1 + x) —fa?dx = 

7? x*. x 3 ** x 3 s* dx 

( T + T )log.(l+a ? )- T _/(- + T ) n - 

x* x 2 1 4x* x 2 x 

v 3 2 6 e v ' 9 12 6 

The results of these integrations need no correction, for they all var- 
nish when x = 0, as they ought, since then X 19 X s , X 3 , are each 0. 
For x = 1 the last expression becomes 

2 i « 19 
9 = « l°g« 2 — — , 
3 6 36 
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which is the sum of the proposed series. 
We shall now pass to other methods. 

7. Required the sum of the infinite series 

3 2 , 3 2 -5 2 , w-p-r 1 , ^ 

+ >« „» r, + ,o „0 „0 ^ + &C. 



4 a • 6 4 2 • 6 a • 8 4 a • 6 a • 8 2 • 10 
By example 2, page 92, 

r i ***** — l ' 3 " 5 (2ii—i) * 

./ o y/ \—a? ~~ 2-4-6 2» * 2 

Hence, if we assume 



«'_2-3 / ,ar 4 da? 2 • 3 • 5 ^ a: 8 cfcr 

2* ~T^J~JT= = ? 4 -6 -8/77=^ + 

4-6-8ioy >/ Yzr? + c * 

and take the integrals between the limits a? = and a? = 1, we shall 
have the sum of the proposed series equal to 5. 
By differentiating we get 

* da . 2 • 3a: 4 , 2 • 3 • 5a* , 2 • 3 • 5 • 7s* , # 

— • -T- \/l — a? 2 : — ir • — : — t: — tt + : — ^ — ^ — rzr T ®C. 

2 da? v 4-6 4-6-8 4-6-8- 10 

or, multiplying by g 2 , and dividing by 4, we have 



* cfc a^N/1— a 2 3* a , 3 -5a* , 3 • 5 • 7a? 10 , . 

— • — — • — — — ^— =r i -f- — — — — -4- , JL- for* 

2 dx 4 2-4-6 2-4-6-8^2-4-6-8-10 

but we know that 

a? 4 3a* 3 • 5a* 



VI — a»= 1— it— ^— T — 



2 2 -;4 2-4-6 2-4-6-8 

3 • 5 • 7a*> 



2-4-6-8-10 
hence, by addition, 



— &c. 



* da x 2 V 1 — x 2 a? a?* 



+ </ l— ar*= 1— — — 



2 <b 4 ^ v *— — * — 2 -2-4' 

and, consequently, 

qr __ 4dr 2dx x 2 dx 4dx 

2 ~~ 3* >/l— a? _ VI— ar 2 ~" 2>/l— a? 2 — ** ' 
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therefore, integrating the differentials on the right, we find for their 
Bum the expression 

4 — 4 y/ 1 — x 2 1 . , , 1 



— 2 T sin." 1 x + 7 x V I — ar 9 * 
x 4 4 

which between the proposed limits x = 0, x = 1, gives 

- * = 4 — -.-.•.* = 2i = -296479 

2 4 2 * * 

This question is taken from Ley bourn 1 8 Repository, No. 20, and the 
following elegant solution to it is given by Air. Mason, in No. 22 of 
the same valuable work. 
By development 

1 _ , a? , 3*« , 3-5** 

= 1 + — + + - — 7— - + &c. 



^ 1 a* 2 2-4 2 -4*6 

Multiply by dx, and integrate, and we have 

x 3 Sx 5 3 • 5a? 7 

sin." 1 x = x + - — ^ + - — -— - + iz — : — «— = + &c- 

2.3 2-4 -5 2*4*6 *7 

xdx 
Multiply this by — , and take the integrals on both sides be- 

V 1 — x 2 
tween the limits x = 0, x = 1, and there results 

2 2 2 a • 4 2 ^ 2 s • 4 a • 6 2 

3 a • 5 a * ^_ 

- + &c« 



2 2 • 4 a • 6 a • 8 2 
Hence 

8 _ 3 a 3 s -5 a 3 a • 5* • 7* 

* * " 4 a • 6 + 4 a • 6 a • 8 4 a • 6 a • 8 a . 10 + 

8. Required the sum of the infinite series 

1 + ' i 



l a • 3 a • 5 a n a 3 a • 5 3 • V (n + 2) 

5 a • T • 9 3 (n + 4) 4 + &C * 

n being any odd number whatever. 
By (34) 
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/° . , 2 -4 -6. .. .n— 1 
_ sin." x dx = — • 
* 3-5-7 n 

a 

Hence, if we assume 

__ /sin." a? da? fsin."**xdx , S^sin." 4 " 4 x dx 

9 ~~ 2-3-4.. .n 2-3-4 (» + 2) 2 -.3 -4 .. . (n + 4) 

3 8 - 5 a / sin."* 3 x dx , 
2 T 3 T 4... (n + 6) + C ' 

and take the integrals between the limits x = 0, x = -, « will be the 

sum of the proposed series. 
By differentiating, we get 

ds sin." x sin."* 8 a? . 3* sin." 4 " 1 x 

+ -=r- ^ — : ; — r-^r-r 



<2ar 2-3-4. ..n 2 • 3 • 4 . . . (n + 2) n 2 • 3 -4 . . . (n+4) 

3 a • 5 a • sin."* x . . 

+ + &c. 

T 2-3-4...(n + 6) T 

and if we differentiate this result n — 1 times successively, we shall 
have 

•-,/** c . , sin. 8 a? , 3 a sin. 5 a? , 3 a • 5 a sin. 7 x 

» (-i-) == Jsm. a; + •— — — - + - — — — — - — = — - — =■ 

W * 2-3 2-3-4-52-3-4-5-6-7 

+ &c. \ (d sin. a?)*" 1 . 

Now the series within the brackets is known to be equal to x, (Diff. 
Calc. p. 39) ; hence, by integrating, 

ds 

-j- =/"" 1 x {d sin. x)"-* 

/o 
it/**" 1 ^ (dsin. x)*~ l dx, 
s 

which is the general expression for the sum of the proposed series. 

Suppose n =1, then 

.=/Urf*=i(!)'=i+i.+i.+i.+&c 

Again, let » = 3, then 

*/* a? (d sin. x) 2 dx = f K f(x sin. a? + 

cos. x — 1) d sin. a; da? = 
14 
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, (i x sin. a x + J sin. x cos. x + J x — sin. x) dx = 

4 V 2 ; . 2 

. _ /_!H\a L = 4. _ L * J. & r 

" 4 v 2 ' 2 l a • 3 2 3 2 • 5 3 6 2 • 7 s 

and so on.* ^ 

9. Required the sum of the infinite series 

3 4^5 6 ^ 
* = — — 2 log. 2. 

10. Required the sum of the infinite series 

1 • 4 3-6^5-8 
* i 1 i « 1 



<. 



12 ' 6 ° 6 

1 1 . Required the sum of the infinite series 

2-2 3-4 4-8 
* = 1 = 2 log. 2 — 2 log. 3. f 

12. Required the sum of the infinite series 
1 , l a ^ l 3 -3 2 , l a -3 a -5 a , ^ 



22.4a ■ 2 a «4 a "6 a 2 a -4 a '6 a -8 a 2 a • 4 2 - 6 a -8 a - 10 2 

32 13 



s 



27*r 36 



* The mode of solution employed in this and in the former example, and which 
consists mainly in assimilating the proposed series to a series of integrals, taken 
between limits and multiplied by constant factors, is of extensive application, 
and will be found to succeed in many classes of series too complicated to be rea- 
dily summed by the usual methods. It is proper to mention here that Mr. W00U 
house of North Shields, was the first, as far as I know, who applied this very gene- 
ral and elegant method to series, and that the above example was proposed by 
him in the Ladies 9 Diary for 1830, shortly after the publication of which I forwarded 
the above solution to the Editor. 

f For the summation of a great variety of other series, see Clarke's translation 
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SECTION II. 



; ON RECTIFICATION, QUADRATURE, AND CUBA- 

TURE. 



OHAFTSR X. 
ON THE RECTIFICATION OF PLANE CURVES. 

(59.) It has been shown in the Differential Calculus, page 126, that 
if* represent any arc of a plane curve, then 

da I dj? 
or 



dtf 
ds = \/l + -7-j . dx 

x and y representing the coordinates of one of its extremities. Hence 
to determine the general relation between s and ar, we must integrate 
this expression, so that 



p^jl d y 2 a 

or, if we interchange the axes to which the curve is referred, 



p \ dx 2 , 

*=Jv'l + -^- a .d[y. 

Either of these expressions may be considered as a general formula 
for the length * of any arc of any plane curve, referred to rectangu- 

o/Lorgna; Wright's Solutions to the Cambridge Problems, vol. 1; and Young's 
Treatise on Algebra. 
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dv dx 

lar coordinates, -p being a function of x, and -=- a function of y, equal- 
ly dependent on the equation of the curve. 

If we take any proposed curve, and substitute in either of these for- 
mulas, instead of the general symbols ~, — , the particular function 

of x or oft/, given by the equation of this curve, the expressions for A 
will then become less general, since they will be restricted to the arcs * 
of the proposed curve ; but they will still be indefinite, since nothing 
as yet fixes the arbitrary constant which each involves. If, how- 
ever, we fix upon any point in the proposed curve from which the arc 
is to be measured, then we at the same time fix the value of the con- 
stant, for at that point* = 0, so that the expression for s belongs only 
to the arc commencing at the given point, and terminating at the 
point (*, y). 



EXAMPLES. 

(60.) 1. To determine the length of an arc of a parabola 
sured from the vertex. 
The equation of the curve is 



- dx tf 

9 dy 2m ' 



hence 

/» I oV 1 

V 1 + dtf * dy = 2m~ / ^ f + 4m * * d * 

and, by (17), 



„ -= 5 , xVx* + 4m? t 4m»log.(*4V**+4m 2 ) „ 

/ J tf + 4m a . dy= - + Si-L i+C. 

consequently 



yV tf + 4m a 

* = —^ + «log. (y + Jtf+ 4m a ) + 0. 

Since the arc commences at the origin, therefore when y = 0, # » 
that is 

= m log. 2m + C 
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.*. C = — m log. 2n» 



which expresses the length of any arc of the parabola measured from 
the vertex, in terms of the ordinate of its other extremity. 

If instead of being supposed to commence at the origin the arc 
commenced at a point of which the ordinate is 6, then the constant 
would be determined by the condition that s = when y = 6, which 
condition would give 



,6x/6 a + 4m a , 

C = — \ ^ + m log. (b + V6 a + 4ro a ) \ 

so that the length of any arc measured from the point y = 6 is 



— » 



yV y* -f 4ro a — 6 %/ fr 8 + 4m a , y + V y 2 + 4m 1 

* = ■: h Wl log. rr. 

4» 6 6 + V 6 a + 4ro a 

which, when 6 = 0, becomes identical to the former expression, as 
it ought. 

It appears from this example that the length of any arc of the com- 
mon parabola may always be expressed in finite terms, although the 
arc is not in strictness rectifiable, since the expression for its length 
involves a transcendental quantity, which cannot be expressed nu- 
merically in finite terms. There are, however, an infinite number of 
parabolas of the higher orders which are completely rectifiable ; we 
shall determine the general equation of these in the next example. 

2. To determine the class of parabolas which are rectifiable. 

The general equation of parabolas of all orders is 

1 n^ 

dy<n n m m ~~ 1 

tt w — ax* 1 .: -j- = — a x 
J ax m 

.■.» = / vi =-&-**= J \ 1 + ^ a * r 

By referring to the criterion (19), we find that for this integral to be 
wholly algebraical and finite, we must have the condition 

l-i-2 ( 1) = a positive whole number, 

m 
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therefore, calling this whole number tu, we have 

n _ 1 + 2w 
m 2w 

so that the curve will always be rectifiable when one of the exponents 
is an even number (2io) and the other exceeds it by unity, or when 
they are equimultiples of such numbers. 
3. To rectify the circle. 
The equation, accordingly as we assume the origin at the centre 
•or at the circumference, will be 

y* = r q — #3 or if = 2rx — a? 2 , 
and the expression for s will therefore be either 

p dx p dx 

both of which involve circular arcs. The circle is not therefore a 
rectifiable curve. Either of these integrals may, however, be de- 
veloped into a series, and thus an approximation to the circumference 
obtained, but a very convergent series for this purpose has already 
been investigated in the Differential Calculus, page 39. 

(61.) 4. To rectify the ellipse. 

The equation of the curve is {Anal. Geom.) 

y 2= (s 2 — 1) (x 2 — a 2 ) 



dy Xy /e 2 —l r \ a?( 6 2 —l) 



■" dx y/tf — a 2 '' J *■ — or 



/i ar^s- — i) 



p y /a 2 — s 2 x 2 i /.v/l-s 2 ^ 

= / == dx = a I dx. 

J y/a 2 — x 2 J x/1— x* 

x 
a?' being put for-. 

This integration cannot be effected in finite terms, but the integra- 
tion by series has already been given at length at page 83. Suppose 
a quadrant of the ellipse is required, then the arc to be rectified com- 
mences where x = 0, and terminates when x = a ; and between 
these limits the series referred to becomes 

2* 2-2 2 -2 -4-4 2 -2 -4*4 -6*6 * 



** 
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Ill 



which, therefore, expresses the length of the elliptic quadrant, - being 

the circular quadrant whose radius is a, the semi-major axis of the 
ellipse. Hence the whole periphery of the ellipse is found by multi- 
plying the circumference of the circumscribing circle by the series 
within the brackets 

Suppose, for example, it were required to find the periphery of the 
ellipse whose semi axes are 12 and 9, 



o a 3 a 

s 2 =l— — = 1 — ? = 

a 2 4 a 



Then the second term* A, = 



4375 



third 



fourth 



fifth 



sixth 



seventh 



eighth 



B,= 



C,= 



D,= 



E,= 



F, = 



G, = 



4 
3s a 



= 1 • 10938 



4 
3 



4 
5s 2 . 



A = 



6 
5 



6 

7s a 



8 
7 



8 
9s 3 



B = 



C = 



10- 10 
9 • lis 2 



12 
11 



12 
13s 3 



D 



E = 



F = 



14 • 14 

Sum = 



00897 



00164 



00039 



00011 



00003 



00001 



12053 



and this, taken from the first term of the series, 1, leaves . 87947 
which multiplied by 3 • 1416 X 24, the circumference of the cir- 
cumscribing circle, gives 66 • 31056 for the periphery of the pro- 
posed ellipse. 

The foregoing series for the rectification of the ellipse, which is 
that usually given, is not so convergent as might be wished when the 
ellipse differs but little from a circle, in which case s differs but little 
from unity. We shall here, therefore, investigate another and more 
convergent series for this purpose. 

If a circle be described on the major axis of an ellipse, and the 
ordinate of any point be produced to meet the circumference, then 



112 THE INTEGRAL CALCULUS. 

the abscissa x of the same point will be the cosine of the angle sub- 
tended by this line at the centre ; hence, calling this angle 9 and taking 

the tabular cosine, we have x = a cos. 9 ; hence 

• 

y/ a 2 — s 2 ^ 8 , "s/l — s a cos. a <p 

— =z= — dx = — =r=— a d cos. 9, 

s/a 2 — x 2 \f 1 — cos. 3 9 

or since 



d cos. 9 = — sin. 9 dcp = — %/ 1 — cos. 3 9 • dq> 



(fc= C\/l 6 3 COS. 3 9 • {{9, 



V a* — ** 

or putting for cos. a <p its equal £ + \ cos. 29 (Lacroix's Trig, art 27,) 
the expression for the differential of the elliptic arc becomes 



s* s 3 

— a \f 1 — -g- — -r-COS. 29 • (fy, 

of which the integral will be «, the length of the arc. This expres- 
sion will take a convenient form for development if we determine a' 
and 6', so that it may be identical to * 

— a y/a'* + 6' 3 — 2a'6' cos. 29 . dp. 
The equations for determining a' and 6' are 



a'* + b* = 1 _^.and2a'6 / = -^, 



whence 



a' + 6' = l,a' — = V 1 — **... a' = 



1 + x/ 1 — e 3 _ 1 — v r— 6* 

2 ' 6 ~ 2 

We have then to develope the expression above in a series of terms 
convenient for integration. Since (Diff» Calc. p. 32,) 

2 cos. 9 = t^^ 1 + e-^~, 
it follows that 

a * + ft* _ 2a b' cos. 9 = (a' — 6^") (a — ir*^) ; 

therefore, developing the nth power of each factor by die binomial 
theorem, we have for 

(a' a + 6* — 2a'&' cos. 9)» 
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the product of the two series 

6' _ . n(n — 1) . _ 
* a 1 • 2 



n (n— 1){» — 2) . _ . . , 
1-2-3 ^ * 



and 



« * , ^ ^ — » (w — 1) * — 

1 a ~ 1 • 2 

n(n — l)(n — 2) . — , . , 
^ ^g.3 * «-»♦'-* + fcc.|, 

which product we find by putting 2 cos. wi<p for its equal 
to be 



'6 



^ S 1 + n > 6 % * a (»-l) a £ + n*{n-l)*{n-2)* W 
«-|H-»jff+ 2a a , 4 + 2TT32 a /e + 

&c.$ — 

*rf»\j' , _ »(»—!) fe 3 n(fi— J) »(n— l)(n-2 ) 6* 
2a»jn— + » g ^ + 2 * 2^3 ^ 

+ &c. | cos. <p + 

P cos. 2<p + Q cos. 3(p + R cos. 4<p + &c. ; 

hence, multiplying by — dq> and taking the integrals of the several 
terms between the limits 9 = * and <p = 0, all vanish but the first 
term, the integral between the proposed limits being 

+ &C.| 

therefore when n = Jwe have for the semi-periphery of the ellipse 
the series 

l a b* l 2 • l a 6' 4 l a • 1? - 3 a b*° 
*°< 1+ 2 a " # "^' + j^"!* * ~^" + 2 a -.4 a -6 a '"o ;5 "" f " *' 

The coefficients in this series obviously converge faster than those 
in the series first given, and moreover 

15 
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6' 



a 



I — x/1 — e* 2-/1— 6 s — 2 



6 s 



+ 1 



1 + </ 1 + 8* 

is necessarily always smaller than s. 

The foregoing investigation is taken with slight modification from 
J\lr. Ivory* 8 paper on the Rectification of the Ellipsis in the Edin- 
burgh Phil. Trans., vol. iv. 

A series for the rectification of the hyperbola may be obtained in 
a similar manner. 

(62.) 5. A given circle rolls along a given straight line always 
remaining in the same plane ; it is required to determine the length 
of the track described by any point P in its circumference? 

The curve P, P', P", P"', thus generated is called a cycloid, and 
in order to determine its length we must first find its differential 
equation. 

Let P'T, P 'T be the axes of re- 
ference ; then, taking any point P"in 
the curve and the corresponding po- 
sition of the generating circle, it is 
obvious that the straight line MP"* 
must be equal to the arc MP" ; hence, 

calling the tabular angle corresponding to this arc «, we have 

F"N = P"M — NM, 




or 



also 



or 



From (1), 



from (2), 



x = roi — r siiLb> .... (1), 

F'N = CM — CD 

y = r — r cos. w . . . . (2). 

dx = (r — r cos. w) du = y du f 

dy = r sin. « du 

m dy __r sin. w 
* * dx y 
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but since by the circle r sin. w or P"D is equal to >/ 2ry — tft we 
have, by substitution, 



dy __ y/2ry — tf _ 1 2r — y 
dx y ~~ y 

for the differential equation of the cycloid. Hence 



dx 2 p \ y — p dy 



9 =f^ l +W' dy =f vl + 2^ :r y- dy=V2r f Vy 

= 2V2ry + C* 

Considering the curve to commence at P"' we have * = when 
y = .% C = 0. From the commencement P"' to P'.the middle of 
the curve, and at which point y = 2r, we have s = 4r, so that the 
whole length of the cycloid is equal to 4 times the diameter of its 
generating circle* 

The equation of the cycloid in terms of x and y is very easily ob- 
tained as follows : 

P "N = p"M — PD = sin.- 1 P'D — P"D, 



that is, since P"D = </2ry — y 2 , 



x = sin."" 1 >/ 2ry — y 2 — V 2ry — t/ 3 , 

or, which is the same thing, 

x = versin." 1 y — y/2ry — i/*, 

the radius of the arc being r. 
Again 

P "N = DM = r— CD = r — cos. MP", 

that is, since MP" = DP" + NP "', 



y = r — cos. (V 2ry — y 2 + x), 

which is another form of the equation, and either of these being dif- 
ferentiated will furnish the same differential equation as that above. 

If the origin of the coordinates be atP', the vertex of the curve, the 
axes being PT, P'Q, the equation is found with equal ease, for since 
the ordinate NT", which is always negative, is 

N' P" = FC + CD = — r — CD, 

and CD = — cos. FP"; but FP" = FP' or MQ, since the whole 
semicircle is equal to P'" Q or YF, also FP' = N' F — N' F ; hence 

* See Note (B ; ). 
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N' P" = ~ r + cos. (N' F — N' F) 



or 



y = — r + cos. (x — >/ — 2ry — y 2 ). 

In this equation x is of course negative for that half of the cycloid 
to which our reasoning here is applied, and it is positive for the other 
half. 

It is a curious property of this curve that its e volute consists of two 
inverted semi-cycloids, each equal to half the proposed cycloid. It 
is worth while to prove this. 

dti 

Representing as usual -y- by p', we have, by differentiating the ex- 
ad? 

pression (3) with respect to x, 

d P d y - » _ r ^ 

dy ' dx * \f 

and if a, /3, represent the coordinates of any point in the evolute cor- 
responding to (x, y,) in the involute, we know (Diff* Calc. p. 141,) 
that 

p' ( p« + 1) a _ 1 _ p f2 + 1 

P P 

that is 



a = x + 2 </2n/ — y 3 , £ = — y, 
from the second of these we get 



tf=: a _2^ — 2r/3 — /S* 

which values of x and y substituted in one of the foregoing equations 
of the curve, the last for instance, give 



jS = — r + cos. ( — V— 2r/3 — jS 8 + a), 

and this equation agrees exactly with that of the proposed cycloid 
when the origin of the axes is removed from P'" to the vertex P'; 
hence, the evolute of the semi-cycloid P'" P' is an equal cycloid, 
P'" Q' having its vertex at P'", and consequently one extremity of its 
base at Q', P'Q' being = 2P'Q ; also the curve being symmetrical 
with respect to the axes P'Q', the evolute of PP' must be a semi- 
cycloid PQ' symmetrical with the former. 
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6. To determine the length of the arc of the parabola whose 
equation is y 3 = nx 2 between the limits x = 0, x = a : 

Sn 9 x . 3 3 8» 

7. Required the length of the curve whose equation is 



from x = to x = a, 



i. a. 2 
^ = ( a 3 — a? 3 ) 2 , 



3 i a. 
2 



8. Prove that in any plane curve the length of the tangent at 
any point (a-, y) is 

(A) 



T = ±y 



(«%)' 



the independent variable being arbitrary. The upper sign obviously 
has place if both 8 and y increase or decrease together, but the lower 
sign, if one, increases while the other diminishes. 

9. To rectify the tractrix of which 
the figure is given in the margin, and 
whose characteristic property is, that if 
from any point P in the curve a tangent 
be drawn, the part PE between the point 
and the axis AX is equal to the constant 
quantity a = AY, 

i a 
8 — a log . — . 

s y 

10. To determine the length of the 
curve whose characteristic property is such 
that a line x' p drawn from the foot of the 
ordinate, perpendicular to and terminated by 
the tangent PR, is equal to the constant 
quantity a = A A' : 





8 = >/ 2ax + x 2 . 

This is the catenary or curve formed by a heavy and perfectly flexible 
chain, suspended by its extremities. 
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(63.) Let us now determine the formula for the rectification of a 
plane curve when it is referred to polar instead of rectangular coor- 
dinates. 

We know by the formulas for changing the independent variable, 

(Diff. Calc. p. 99,) that -j- is the same as 7^7- » the independent va- 

liable in this latter coefficient being any whatever, so that the formula 
at the head of this chapter when put in its most general form, as in- 
deed we have given it at page 126 of the Differential Calculus is 



(*) = x/ {dx)' + {dyy ; 

therefore, when the angle w between the radius vector and fixed axis 
is taken for the independent variable, the formula is 



ds I dx 2 dxf 

but (Diff. Calc. p. 139,) 

dy dr dx dr 

_£ = r cos. w + -7- sm. w, — = — r sin. w + -7- cos- w ; 

au aw aw aw 

hence, by substituting these values in the foregoing expression, we 
have 



/* I dr* 

Vr* + -r^-du .... (1). 



aV 

d$ 

(64.) It is worthy of remark that the foregoing expression for -r- 

is the same as that for the length of the polar normal FN ; for the 

dv 
expression for the subnormal FN is -7-, {Diff. Calc. p. 119,) conse- 
quently. 




di* 

PN = V FN 2 + FP a = </r» +-^ a - 

If from F we conceive a perpendicular 
to be demitted on the tangent PR, and 
call the part of the tangent intercepted be- 
tween this perpendicular and the point of 
contact /, then 
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PN:FN::FP:J, 

that is 

ds dr 

_ • . * • / • 6 

au aw 

as a*w 

* * dw t 

or, considering the independent variable as arbitrary, {Diff. Calc. p. 
99,) 

(<k) ^rJ^l .... ( 2 ). 

V 

EXAMPLES. 

(65.) 1. To determine the length of an arc of the logarithmic 
spiral. 

The equation of this spiral is r = a , 



= log. a • a w = log. a . r .*. aw = 



aw ° ° r log. a 



hence 



8 






dw 2 ^ log. 2 a 



= ^ 1+ ioi.^- r + C 
= r sec. £ F + C ; (see p. 119, Diff. Cede.) 

If the arc is to be measured from the pole, then the length between 
the pole and the point, whose distance from it is r, will be r sec. Z 
F ; but if we require the length of the arc comprised between two 
points distant r* and r from the pole, the expression will be (r — r') 
sec. F. 

2. To determine the length of an arc of the spiral of Archi- 
medes. 

The equation of this spiral is 

dr , dr 

r = ow .% j- = a .*. €fw = — 
aw a 



4 
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.'.« = — fsfr* + a 
a J 



} . dr. 

This integral is the same as that expressing the arc of a parabola 
found in art. 60 ; hence 



r y/ r 2 + a 2 a r + x/r 8 + a 8 _ 
•= 2-a— +Y l0 S- a +C ' " 

If the arc commence at the pole, then 8=0 when r = .•• C = 0. 
3. To determine the length of the involute of the circle. 

The involute may be described by the un- 
winding of a string from the circumference 
ABC ; and since in every position CP it will 
be tangent to the circle and normal to the 
curve AP, {Biff* Cede. p. 141,) it follows 
that OR parallel to CP will be perpendicu- 
lar to the tangent PR, and therefore RP = 
OC = a ; hence, by equation (2) above, 

1 r 2 

* = — fr dr = - — |- C. 

a J 2a 

a 

Now when r = a = OA, then * = .-. C = — - ; 

r* — a? CP a 




2a 20C * 

the length of any arc AP. 

4. To determine the length of an arc of the reciprocal spiral 

r = — , commencing at the pole 



s= V 1 +r a + log. ^/Y+^+i — 1- 

5. To determine the length of an arc of a curve whose polar 
equation is 

r = 2a (1 + cos. w) ; 

the arc being comprised between two points at which w = a&jp 
= «r 

s = 8a. 
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CHAPTER XX. 

ON THE QUADRATURE OF CURVES. 

(66.) Let us now seek an expression for the area of any portion 
of a curve surface situated in a plane, and for this purpose let us first 
determine the differential expression for a plane surface. 

In the plane curve surface ABCM', any portion 
ABM is obviously a function of the coordinates 
AM, MB, or simply of the abscissa AM, since 
both the area and the abscissa always vary toge- 
ther, and we are now to find the general expression 
for the differential of this function. 

Take any increment, MM' = h, of the abscissa, and draw the cor- 
responding ordinate M'C, and then complete the parallelograms BM', 
CM ; 6C will be the increment k of MB, and it is obvious that the 
increment CBMM' of the surface is always between the two paral- 
lelograms however we diminish the increment MM' ; if, therefore, the 
ratio of these parallelograms could ever be that of equality, the ratio 
of the corresponding curvilinear increment to either would also neces- 
sarily be that of equality. 

The ratio of the parallelograms is always 

yh __ y 

and in the limit, that is, when h = and consequently k = 0, it is 
simply 

y 

which being a ratio of equality it follows that in the limit 

yh 



CBMM 
that is 

16 



5=1. 




122 THE INTEGRAL CALCULUS. 

y & x 

— = 1 .*. d . area = y dx 

a . area 

.% area :=z fy dx= u 
If the axes of coordinates were oblique, then, calling their in- 
cluded angle 9, the area of the parallelogram M6 would not be yfc but 
sin. <pyh ; hence, in that case, d . area = sin. (pydx, 

•\ area = sin. cpfy dx. 
We shall now give a few applications of these formulas. 



EXAMPLES. 

(67.) 1. To determine the area of the parabola 

y 2 = ax .% 2y dy = a dx 

2 2^2 

••• u=fydx = -ftf dy = - . -|- = - xy ; 

hence the area ABC is equal to two thirds of the parallelogram AB, 
or the whole area BAE equal to two thirds of me circumscribing par- 
allelogram BD, so that this curve is accurately quadrable. 

2. To determine the area of the circle 

y = x/r 8 — x 2 ,:fy dx =yVt*— a*, dx, 

developing the radical, we have 

x 3 x 5 x 1 - 

2-3r 2-4-6V 1- 2 -4-6 • 7r* 

This between the limits x = and x = \ win, 
supposing the radius to be unity, give a portion AB 
of the semicircle bounded by an arc BC of 30 degrees, from which 

portion, if we take the triangle CO A = -— we shall have the see- 



tor OBC the twelfth part of the circle. But, for the actual computa- 
tion of the area, the series given at page 37 of the Differential Calcu- 
lus for the circumference, has the advantage of much greater eon- 
vergency than that above. 

(68.) From the foregoing integral expression for the area it ap- 
pears that although the integral/ x/r 9 — x* dx cannot be accurately 
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expressed in finite terms, yet it may always be supplied by a circular 

area AB. the sine of the bounding arc being OA = x ; the sine of a 

x 
similar arc to this, but of radius unity, instead of r is — ; therefore, 

since similar parts of circles are as the squares of their radii, the above 

x 
area will be equal to r 8 times a circular area to sine — , the radius of 

r 

which is unity. If, therefore, a table of semi segments CBD were 
calculated for all values of DC, from DC = to DC = OE = 1, 
such a table would greatly facilitate the calculation of definite inte- 
grals of the above form, for it would then be merely necessary to add 
to the tabular number the rectangle DA, and to multiply by r 3 . If the 
origin of the axis had been placed at the extremity F of the diameter, 

then the integral expressing the area would have been/ V 2rx — x 2 
• dx, which, as above, may be expressed by a circular area of radius 
unity, so that 



x 



/VH — x 2 • dx = r 3 x- circular zone, sine = — 
" 2 r 

j, — — — — 1 x 

J >/%rx — x 9 * dx = r 8 X - circular segment, ver. sin. = — . 

By reference to the figure it will be further obvious that these ex- 
pressions are the same as 



fVt* — x 2 * dx = | r 8 sin." 1 V \ x Vr* — x 2 



fy/2rx — a* . c& = i r 8 versin." 1 %(r — x) </ 2rx — x* 



the first being the sector OBC plus the triangle OCA, and the se 
cond the sector OCT minus the triangle OCA'. 

3. To determine the area of an ellipse 



y = -\/a a — x 2 
.:fydx = -/Vo 8 — x* . dx ; 

Or 



but as we have just seen/ Va? — x 2 . dx is the expression for a cir- 
cular area whose radius is a, it follows, therefore* that if a circle 
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circumscribe an ellipse, the area of the ellipse will be to that of the 
circle as the minor axis to the major ; we have then only to multiply 
the area of the circumscribing circle by the minor diameter, and to 
divide the product by the major diameter, and we shall have the area 
of the ellipse. 

4. To determine the area comprehended between the curve 
and asymptotes of an hyperbola. 

The equation of an hyperbola between the asymptotes is (•duo/. 
Geom.) 

a 3 + & 

*»= — — * 

the axes ON, OE being inclined at an angle <p ; hence 

, o a + 6 a . dx 
sin. pi/ ax = — - — sin. 9 — 

4 x 

«' + & . r dx <? + & . , 
••• « = — j — sm * 9 J — = — 7 — sul * 9 '°6' * + C. 

If the area be supposed to commence when x = 1 
then C = 0, and the expression for the area in- 
cluded between one of the curvilinear and asymp- 
totic legs, measured from this point, will be 

u = — - — sm. 9 log. x . . . . (1). 

Let L be the point of commencement, that is, let OL represent 
unity, then since the rhombus OB is 

a 2 + fc* 
OL 2 sin. 9 = — - — sin. 9, 

the coefficient of log. a? in (1) is simply sin. 9, because, by hypothe- 
sis, OL = 1 ; hence then the hyperbolic spaces BM, BM', &c will 
be generally represented by 

u = sin. 9 log. x y 

so that, if OM, OM', &c. represent any series of numbers agreeably 
to the scale OL = 1, the spaces BM, BM', &c. will truly represent 
the logarithms of those numbers taken according to that system 
whose modulus is sin. 9, to radius OL ; and thus, by varying the in- 
clination of the asymptotes, innumerable systems of logarithms may 
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be represented by hyperbolic spaces. If we wish to represent in 
this way Napier's system, called usually hyperbolic logarithms, 
although in strictness every system has equal claims to such a de- 
signation, we must make sin <p = 1, that is, the hyperbola must be 
equilateral. If we wish to represent Brigg's, or the common system, 
we must make sin. <p = • 43429448* , .-. 9 = 25°,, 55',, 16". 

5. Let AFBF be a given circle, and AB a diameter ; let the ra- 
dius OT revolve round the centre O, and let OP be always perpen- 
dicular to OT, meeting TP drawn parallel to AB in P. Required 
the equation and quadrature of the curve which is the locus of P. 

Take the centre O for the origin, 
the fixed line OB for axis of #, and the 
perpendicular OF for axis of y. Put 
the radius OT = a 5 then by similar 
triangles OPG, TOP, we have 



that is, 



whence 



OG a : PG a :: OT 2 



y 2 : a? 3 :: a 2 : x 2 + 1/ 2 , 
cPx 2 = 3 a t/ 2 + y* 




• * 



x = 



« a — y 2 ^(tf-y 2 )' 

the equation of the curve. When x = 0, y = 0, therefore the curve 
begins at O ; when y = ± a, x = qd ; hence the two tangents HK, 
ML are asymptotes to the curve. 
For the quadrature we have 

tfdy 

this integral, by page 42, is 

- a . arc AT — - y y[ a * — tf + C. 

As the curve begins when y = .\ C = 0, and from this to y = a, 
between which a fourth part of the curve must be described, since the 

* 

* For the determination of this number, see my Essay on Logarithms, page 8. 
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revolving radius will have passed through a quadrant, the area will be 

i « . arc AF = quadrant AOF, 

and therefore the whole area included by the four infinite branches 
of the curve, and the asymptotes HE, ML is equal to the area of the 
circle AFBF. 

6. Let ABC be a right-angled triangle, whose base AB is given, 
and in the variable hypothenuse produced, take CP, such that AC • CP 
may always be equal to BC 8 . Required the quadrature of the curve 
which is the locus of P. 

Let BX, BY be the axes of reference, and put 

• 

AB = a, then we shall always have 

AP = ^(a + *) a + y* 
and, by similar triangles, 

AD : AP :: AB : AC, 




that is, 



a 



a+xiV(a + x) 2 + tf;.:a: ^-^ V (a + x)» + ^ 

AD : AP : : BD : CP, 



that is, 



a + x:V(a + xy + f ::x: ^TH V ( a + x )* + ? 

AD : DP :: AB : BC, 

that is, 

ay 



a + x : y : : a : 



a + x ' 



hence, by hypothesis, 



ax 



N a + xr (o + xy c ' J ' y 



from which we get 



y = 



ax + x 9 



Vox — x 1 

the equation of the curve. When x = 0, y = 0, and when x is 
negative, y is imaginary, •*• the curve begins at B ; when x = a f 
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y = qo ; hence, making BE = BA, the perpendicular through £ 
will be an asymptote to the curve. 
For the quadrature we have 

~ axdx ~ x*dx 

J* ~J y/ax — x 2 J Vax — x 2 

7 2x 7 x 

= - o^ versin." 1 (- a + -) Vctx — x 2 (see ex. 5, p. 45), 

the correction G is 0, because the integral ought to vanish for x = ; 
hence, when x = a, we have 

u = - a 2 versin. 1 2 = - . - (- versm. J 2), 
8 2 2 2 

the quantity within the parentheses is obviously the length of the 
semicircle on BE ; hence the area of the infinite space between the 
curve and asymptote is equal to 7 times the circle on BE. 

7. ACB is a given semicircle, CD any ordinate : join AC, and 
draw DP perpendicular to AC. Required the 
quadrature of the curve which is the locus of P. 



.. ..... _ — , . 




CD = « 










ft . 


I> B 




s/az — z 2 , 




and (Young's 


Geometry,] 


) 














AB 


: AD : : 


CD 


:PG, 












that is, 


• 19 • • 

• <6 • • 






z 
a 


V 








a 


y/ az — 


s a :PG = 


OS — 


*" = 


S* 


also 


















AB 


: AD : : 


AD 


:AG, 












that is, 


















a 


• 9 « • 


z 


:AG = 


z 2 
a 




a?, 






consequently 


2 - . 




9, 













fydx = —fx 2 dx y/ax — x 3 — -^fx^dxs/a — x* 



or 



fy dx =J s/x% (o* — x*) dx. 
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This integral satisfies the condition of integrability at art (21), and, 
if taken between the limits x = and x = a, values for which y be- 
comes 0, and beyond which y becomes imaginary, we shall have, for 
the area of the whole curve, 

5 

u = -semicircle ACB. 

8 

8. To determine the area of the catenary. 
In this curve we have found (ex. 10, p, 1 17,) that 

s 2 = 2ax + x 2 , 

from which we get, by solving the quadratic, 

sds 

x — >/ a 2 + s 2 — a .: cLe = 



also, since universally 

dy = Vds? — dx 2 . 
we have 

I s 2 ds 2 ads 

dy = V ds 2 — ^.2 _i_ ^2 = — — .... (1). 

9 a 2 + s 2 -/a 2 .+ s 2 

Multiplying this by the value of x, above, we have 

a 2 ds 
xdy = ads — — = = ads — ady 

* Vtf + s 2 * 

••• u =/ xdy = a J ds — afdy = as — ay ... . (2), 

which requires no correction, since, s, y, and u vanish together. The 
area here found is that below the curve {see Jig, at p. 117) included 
between the tangent through the vertex, the ordinate at the extremity 
of «, and s itself. Subtracting then this area from the rectangle 

xy = yVa 2 + s* — ay, 
we have 



u = y \Za* + ** — as, 
or since, by integrating (1), 

y — a log .... (3) 

a 



8+ Va* + s* 



.% u = a s/ a 2 + s* log. °^ v " ^ g — a» . . . . (4), 

a 

the area above the curve. 
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By putting in (3) for yft? + s 2 its value a + x, above, and for * 
its value given by the first equation, it becomes 

., — n 1™ a + x+s/2ax + x* 
y — a log. , 

a 

which is the equation of the catenary between x and y. 
It is obvious that equation (3) may be written thus : 



ae* = 8 + >/a % + a 2 . - , ae * — * = \/a a + a 8 
squaring each side, we have 

— 1st a + ae • = a 
± JL 

1 a a 

.•. * = -a{e — e {.►..(5). 
Proceeding in like manner with equation (4), we have 

1 a « 

x = -a\e +c \ — a . . . . (6). 

9. To determine the quadrature of the curve of sines or sinu- 
soid, its equation being y = sin. x to radius r. 

tt = r{r — y/r 2 — y 2 . 

10. To determine the area of the curve of tangents its equa- 
tion being y = tan. x to radius r. 

u = — r 2 log. cos. x. 

11. To determine the area of the curve whose equation is 

y = «% 
between the limits x = 0, a? = 1 , 

12. To determine the area of the logarithmic curve, its equa- 
tion being 

y = a* 

y—l 

u = 

log. a 

13. Prove that the area of the common cycloid is equal to 
three times the area of the generating circle. 

17 
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14. ACB is a given semicircle, and DC any or- 
dinate ; bisect the arc AC in E, and join AC and AE, 
and upon DC take DF equal to the sum of the chords 
AC, AE. Required the area of the whole curve, which 
is the locus of F. 



u = 



4 f 16 V 2 
15 





15. AEB is a straight line bisecting per- 
pendicularly the given straight line DEC. From 
D, one of the extremities of CD, draw the straight 
line DFP, cutting AB in F, and make FP equal 
to EF. Required the area of the curve which p 
describes. 

u = semicircle on DC + 2EC". 

16. To determine the area abed included 
by the four branches of the evolute of the ellipse* 

(69.) We shall now investigate the formula for 
the quadrature when the curve is referred to polar 
instead of rectangular coordinates. 
In finding the lengths of curves, the formula of rectification was 
changed from rectangular to polar coordinates, by merely changing 
the independent variable from x to w, the analytical value of the ex- 
pression remaining unaltered ; but in the formula for quadrature this 
change is not sufficient, for the analytical value of the function repre- 
senting the area requires to be altered, since the spaces between the 
curve and the rectangular coordinates of any point in it, and the space 
between the curve and polar coordinates of the same point are them- 
selves different. Thus the space between the curve AC, 
and the rectangular coordinates of the point C is ACB, 
but the space in reference to the polar coordinates of 
the same point is AC A, so that, calling, as before, the 
former space «, the latter will be £ xy — w, it is therefore, the differ- 
ential of this expression, taken relatively to a?, that we are to trans- 
form to an equivalent differential, having w for the independent varia- 
ble, and not the differential -p. Hence, putting v for the area AC A, 
and differentiating relatively to x % we have 
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di"^*^'*"^ - d? 

and cnanging the independent variable from # to w, and multiplying 

da? 
by -T-, there results 



di> ___ 1 , dy dx du dx 

dw ~~ 2 ^"dw" * "dw"' "diT "dw ' 



dfi 



or since -j— = #» 



d« _ 1 dy da? . 



di? dt/ 

in which equation, if we substitute for #, t/, -r— and -p-, their values 

in terms of r and w, as given at page 118 of the IW/f. Ca/c. we shall 
have for the formula sought 

= -*•*.% v = -/Vdw, 



dw 2 2 

r being a function of w, given by the polar equation of the curve. 



EXAMPLES. 

(70.) 1. To determine the area of the spiral of Archimedes. 

1 1 . r 3 

r = aw .-. -/V dw = — /V dr = — + C. 
2 J 2a J 6a 

« 

If the area is measured from the pole, then t* = 0, when r = ••. C 
= and the expression for the area is 

r» 

but, if the area is measured from the point r to /, then v is 0, when 

r 3 
r = r' ••• C = — — , and the expression is 

6a 
for the area comprehended between the two radii vectorta r', r. 
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2. Tangents are drawn to an equilateral hyperbola, and per- 
pendiculars to them are drawn from the centre : required the equation 
and quadrature of the curve, which is the locus of the intersections. 

Taking the diameters of the hyperbola 
for axes, we have for any point (x* 9 tf) the 
equation 

% f + x >* = _ a 3 , 

and for the equation of the tangent through 
it 

y — y'=—( X — x'), 

also for the perpendicular to this from the origin 

* x* 

Eliminating x', y, by means of these three equations, we have between 
(x, i/), the intersection of the two latter lines, the equation 

<*(y 2 — **) + (s" + *V =* o 

for the locus sought. This curve is called the lemniscata ofBer- 
nouilli. 

To transform the above equation from rectangular to polar coordi- 
nates, we must substitute for x and y the values 

. x = r cos. «; y=r sin. u, 
which will give the polar equation 

r 2 — a 2 (cos. 2 w — sin. 2 w) = 0, 

or, substituting cos. 2w for its equal cos. 2 co — sin. 2 w, 

r 2 — a 2 cos. 2« = 0, 

from which it will be easy to discuss the figure of the curve. Thus, 
when w = 0, r = ± a ; hence the curve passes through the extremi- 
ties of the transverse axis of the hyperbola ; it also touches the hy- 
perbola at those points, for if r were any where greater than a, cos. 
2w would, by the above equation, be greater than 1, which is impos- 

sible. When r = 0, w must be either — , — , — or — , so that the 

4 4 4 4 

curve passes through the centre of the hyperbola in four directions, 

being, indeed, the directions of the asymptotes ; these are, therefore, 
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tangents to h : hence the curve consists of two leaves, as represented 
in the diagram. 

For the quadrature we have, by differentiating the polar equation, 

r dr = — a 2 sin. 2w aw 

rdr rdr 

"~~ a 2 sin, 2w y/ a * ^ 

1 /• 1 f r"dr i 

Between the limits r = a and r = 0, which comprehends the upper 
segment BC, the area is £ a 2 , which being a quarter of the whole 
area, we have for the entire curve 

v = a a , 

the square described on the semi axis of the hyperbola. 

3. To determine the quadrature of the curve in example 7, 
page 133, by means of its polar equation. 

Call the diameter AB, a, AP = r, PAB = w, then we have 

AC = AB cos. w, AD = AC cos. w, AP = AD cos. w ; 

• \ r = a cos. 3 w 

the polar equation of the curve. 

<h 2 

this integral is (34) 

a 3 sin. x € 5 ,5 3 6 • 3 . , 

-zr ' — — jcos. 5 a? + - COS. 3 X + - — - cos. xl + 
Jo 4 4*2 

a 2 5-3-1 , „ 
■2" , 6^2 a: + C - 

which, between the limits w = 0, w = — , comprehending the whole 



curve, is 



5a* 
8 2 2' 



5 
which is -, the semicircle ACB. 

4. AM, AN are straight lines perpendicular to each other and 
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ST* 



a straight line BD of given length having its extremities always In 
them is moved from a horizontal to a vertical position. If in BD, 
BF be taken always equal to BA, what will be the area of the curve 
in which F is always found. 

Put DAF = w, AF = r, and BD = a, also 
draw BE perpendicular to AF, which will bisect 
the angle FB A of the isosceles triangle BF A, and 
the angle ABE will be equal to the angle DAF. 
Now AB = BD cos. ABD = BD cos. 2w; 
AP = 2AB sin. w = 2BD sin. w cos. 2u, that is 

r = 2a sin. w cos. 2«, 

the polar equation of the curve ; hence 

i /V du = 2a 2 / sin. 3 w cos. fl 2u du 

or, substituting {Gregory's Trig. p. 43, or Lacroix>8, art. 27,) 

1 — 2 sin. 3 «, for cos. 2gj 

-/r 9 do = 2a 9 / sin. 9 « du — 4/sin. 4 wdw+ 4/ sin/ w dw, 

which for the whole curve, or between the limits w = 0, w = 45° 

becomes* 

x = • 0594 a 9 . 

6. AB is the diameter of a given circle, AC any chord, CD 
perpendicular to AB, and P a point in AC, so taken that AP* = 
AB • CD. Required the quadrature of the curve which is the locus 

of P. 

Put AB = a, and PAB = w, then 

AC = AB cos. w, BC = AB sin. «, 
therefore twice the area of the right-angled trian- 
gle CAB is 

AB 9 sin. w cos. w = AB • CD = AP 9 
that is, 

* It is obvious, from a slight examination of the equation of the curve, that the 
entire locus of that equation consists of four leaves, symmetrically situated round 
the point A, but only one of these can come within the geometrical restrictions of 
the problem. 
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r 8 = a 2 sin. w cos. w = — sin. 2w, 

is 

the polar equation, from which it appears that r = 0, both when 
w = 0, and when w = 90°, so that, while the radius vector passes 
through 90° on either side of AB, one leaf of the curve will be de- 
scribed.* 

For the area of this leaf we have 

1 id S 

-fr* du = —/sin. cj cos. w du = — cos. a w + C, 

which, between the limits of the curve is 

t> = -—- = the square on AO, 

so that the whole area of the two leaves is equal to half the square of 
the diameter, or to the rectangle EF. 

6. To determine the area included between two radii vectores 

r, r, of a logarithmic spiral, its equation being r = a . 



,'\a 



rofr 2 — r') 



4 

where m is the modulus of the system of logarithms whose base is a. 
7. To determine the area included between two radii vectores. 

/, r, of a hyperbolic spiral, its equation being r = 



OJ 



^air — r') 
• 2 ' 

8. To determine the polar equation and quadrature of the in- 
volute of the circle. 

— — — — a 

Polar equation aw = Vr* — a a — a cos." 1 - 

( r » _ a «)£ 
Quadrature v = — — — 

9. From a given point in the circumference of a given circle 

* It is obvious that the curve can consist of but two leaves or loops, as well from 
the geometrical restrictions of the locus, as from its analytical representation 
above ; for when t> exceeds 90°, r becomes imaginary. 
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any chord is drawn, and from its extremity a line is drawn to the 
centre. If from the centre a perpendicular to this line be drawn, what 
will be the quadrature of the curve which is the locus of its intersec- 
tion with the chord ? 

The whole area of the locus is * 4292 X rod? of circle. 

1 . Between the sides of a right angle a straight line is drawn 
so as to enclose a given area ; if from the vertex of the right angle a 
perpendicular to this line be drawn, what will be the quadrature of 
the curve, which is the locus of the intersection ? 

The area is half that of the triangle. 



OBAPTBR XXX. 

ON THE QUADRATURE OF CURVE SURFACES, AND 
ON THE CUBATURE OF VOLUMES. 




(71.) Let AB be an arc of any plane curvet 
and let it be required to find the differential ex- 
pression for the surface generated by the revolu- 
tion of this arc about one of the coordinate axes, 
£C as the axis of x. 
Let BC be any increment of the arc AB, and draw the chord BC, 
and the tangent BD, meeting the ordinate FC in D. Then, since 
the bent line BDC envelopes the curve line BC, if the system of lines 
revolve round OX, the surface generated by BCD will envelope that 
generated by the curve BC ; the former surface, therefore, will be 
greater than the latter (See Note C). Again, since the curve BC 
envelopes the line BC, the surface generated by the revolution of the 
former will be greater than that generated by the revolution of the 
latter. Hence the surface generated by the arc BC is always of in- 
termediate magnitude between the surfaces generated by BDC and 
by BC. Let us then seek the limit of the ratio of the two latter sur- 
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faces, for if this should be unity, then the ratio of the intermediate 
surface to either must in the limit be necessarily unity. 

The surface generated by BD is a conical frustum or trunk, and 
we know, by the principles of common geometry, that every such 
surface is equal to its side, or the generating line multiplied by 
half the sum of the circumferences of the two ends ; also the annular 
space generated by DC is equal to its length multiplied by half the 
Bum of the circumferences generated by the ends D, C. 

Hence, for the largest of our three surfaces we have the expression 

«BD (EB + FD) + irCD (FC + FD) .... )1), 

and for the smallest the expression 

*BC (EB + FC) .... (2), 

and we have now to ascertain the ratio of these expressions in the 
limit, that is, when EF = h = 0. To effect this more readily it 
will be requisite to develope these expressions according to the 
powers of h. Now it is obvious that 



BD = s/h* + ^-/i a ,EB+FD = 2y + ^A, 

CD.- I + J»_ h + J» + a. 1 ? i + ^|. 

FC + FD = ., + .g* +*.£, + *.. 
also 
BC = ^BO + GC« = V \h' + (!gn-g.£- + * c . ) .$ 

hence, by substitution, the expression (1) is 
*W(l+g)(2 J , + | A )-.(g-. I ^+ & c.)(2 y + 

2^A+&c.) 

and the expression (2) 

18 
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dx* 1 • 2 * 

Dividing each of these by K and then putting* ft = 0, their limiting 
ratio is 



dy* 

consequently, when ft = 0, then 

inc. of surface dS I cto* 

— s =-te =2 *y^ 1 + d* 



We shall now apply this general formula to some examples : 



EXAMPLES. 

1. fTo determine the surface of a sphere. 
The equation of the generating circle is 

*■ + y* = **, 






consequently 



* To persons familiar with other modes of investigation, the above process may 
seem unnecessarily long ; but it is apprehended that most of the shorter methods 
will be found, upon examination, to be deficient in rigour. Thus Froncttur 
(Cows de Math, torn. 2, p. 341,) reasons as if the surface generated by the arc 
were of intermediate magnitude between those generated by the chord and tan- 
gent, which is not necessarily the case. 
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S = 2*y J 1 + fa»&c = %*fj& + t/ a dx 

= %it frdx = 2*ra? + C. 

Between the limits x = 0, a? = r, this is 2*r 2 ; hence the surface of 
the whole sphere is 

s = 4-jrr 2 , 

which is equal to four times the area of one of its great circles. 
2. To determine the surface of a spheroid. 
The equation of tte generating ellipse is 

or 



from which we have already found (art 61) 



x/ t fi — # x* 
ds = , — dx* 



consequently 

8 =s 2*Jyds = 2* . /v^T— ** <**» 



but \/ 1 — e 2 = r, therefore 



3? 

2* fee /• la 3 "■*. 



S = / s/ ~y — x 2 dx. 

Now, as we have observed at (68), the integral 



e 



/* la* 
y/-j—a*. dx 



is equal to half a circular zone of radius - the sine of the arc being 

x ; therefore, calling this circular area A, we have 

2* be 

S = A. 

a 

If x = «, then this expression will represent half the entire surface, 
or, calling the corresponding value of A, A', we have for the whole 
surface of the spheroid 



140 THE INTEGRA*. CALCU1U*. 

a 

3. To determine the surface of a paraboloid of revolution. 
The equation of the generating curve being 

tf =px, 
we have 



o j . dx 2 4if 

2ydy=pdx.: 1 y i = ^ r 



hence 



/I dx* 2* r 

y v 1 + .!j? ■ d y = jJ s*f + f-ydy> • 

But 

f(tf + *>')* ydy = ^ (4j* + ft * + C. 

which, between the limits y = 0, y = y, is 

4. To determine the surface generated by the revolution of a 
catenary about its axis. 

We have already found (p. 119) that in this curve 

«* = 2ax + x 2 



.-. o a + «* = o 9 + 2ax + x* .% Va? + a* = a + x; 
hence 

8d8 



dx = 



y/a* + ** 



consequently 



ads 



Now 



dy = y/ds* — dx 9 = — ■ 



fyd8 = y8—fsdy; 



us. 
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hence 



/, 8ds 
y/d 



Va* + s> 



= 2#ys — 2o*x/o a + ** + C. 
When * = then S = .-. = — 2aV +C/.C = 2oV there- 
fore 



S = 2*tp — 2<w >/a* + s* + 2a 9 ir, 

which is the area of the surface, in terms of y and 5, 9 being the length 
of the revolving arc measured from the vertex, and y the ordinate of 

its extremity. If for \/« a + ** we substitute its value above, viz. 
a + x, the expression for the surface becomes, in terms of ar, y and*, 

S = 2irys — 2 a* x. 

5. To determine the surface generated by the revolution of a 
cycloid about its base 2a 

3 

To determine the surface generated by a cycloid revolving round its 
axis, the diameter of the generating circle being a, 

Cubature. 

(72.) Let us now investigate the differential expression for the vo- 
lume bounded by the curve surface generated by 
the revolution of AB, and by the planes generated 
by the revolution of the ordinates of A and B. Let 
BC be an increment of the arc AB, taking care, 
however, that this increment be not so large that 
the ordinates between E and F may first increase, and then decrease, 
or that they may first decrease, and then increase ; but this interval 
must be taken so small that the ordinates from E to F may continu- 
ally increase or continually diminish. The necessity of this condi- 
tion will appear, when we state that we are about to found our rea- 
soning on this principle, viz. that the volume generated by BC is 
always intermediate in magnitude between the cylinders generated 
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by BG, CG', however we diminish the original increment EF = ft, 
a principle which would not be necessarily true if either of the paral- 
lels BG, CG', could cross the curve BC, and, to render this crossing 
impossible, the foregoing condition must obviously be observed ; we 
say the solid generated by BC and the cylinder generated by BG, 
&c. for shortness, of course it is to be understood that the ordmates 
of the extremities of these lines revolve with them. 

Admitting then that the solid increment generated by BC is always 
intermediate between the two cylinders, let us seek the limiting ratio 
of these latter. 

The volume of a cylinder is equal to its base multiplied by its 
height, therefore the volume of the cylinder generated by BGis *iflh 
and that generated by CG is 

fee ratio of these is 



which when h = becomes unity. Hence the ratio of the interme- 
diate volume or the increment of the proposed volume to either of the 
cylinders is unity in the limit, that is 

dV 

-j— = *tf •"• V = ntfxfdx. 

EXAMPLES. 

(73.) 1. To determine the volume of a prolate spheroid. 
Since the equation of the generating ellipse is 

fl Y+iV = c a 6 a 

.-. tf = — (a 2 — **) 
t* 

... V = «fy>dx = —f(<*— a?) dx = *6» (*— -^) + C, 

and for the whole solid, that is, between the limits x = a and x = 
— a, this integral is 
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V = tf& a (2a — | a) = ^ *a6 3 , 

and since the circumscribing cylinder is b* . 6 . 2a, it follows that the 
volume of the spheroid is two thirds of its circumscribing cylinder. 

When a = 6 the spheroid becomes a sphere, which is therefore 
equal in volume to two thirds of its circumscribing cylinder. 

2. To determine the volume of a paraboloid. 

Since here y* = px .% ffy* dx = irp fx dx = -5- a 8 ■+■ C, 

which is half the volume of the circumscribing cylinder. 

3. To determine the volume generated by the revolution of 
the catenary about its axis. 

By example 4, p. 140, 

sds ads adx 

and the formula for cubature being decomposed is 

*fy*dx = *(y*x — 2fxydy) .... (1). 

If for dy we put its value above, we have 

xdx 



xydy = ay 
but from the equation of the curve 



8 



xdx . adx . . 
= as = as — ay, 

S 8 

so that 

xy dy = ay ds — ay dy, 
and consequently 

fxydy = afyds — -^- .... (2), 

substituting wis in (1) we have 

V = *y* x + Otfy* — lane fyds % 
but 

2*fy ds = Surface = 2arys — 2a*x ; 
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hence, finally, 

V = *y* x -f o*y a — 2(wy8 — 2o*«'#, 

which requires no correction. 

4. To determine the volume generated by the revolution of 
the parabola if = ax about the axis of x : 

V = — — - ntv* *• 

n+2 ' 

5. To determine the volume of a. parabolic spindle which is 
generated by the revolution of a parabola about its base 6, the height 
being a: 

_ 16*a« b 

(74.) It ought to be remarked here, that there is another method 
in which volumes of revolution may be easily conceived to be gene- 
rated, viz. by the motion of a curve parallel to its own plane and va- 
rying in magnitude according to a fixed law. Thus the volume of 
revolution upon which our observations in art. (72) are made, may 
be considered as generated by the motion of a circle whose radius is 
y ; the centre being always on OX, its plane being always perpen- 
dicular to this line, and its radius varying according to the law of the 
variation of the ordinate s y of the directrix ABC : and, viewing the • 
generation as effected in this way, we may say, agreeably to the gene- 
ral result obtained in the article referred to, that the differential of the 
volume is equal to the area of the generating circle multiplied by the 
differential of the axis. This theorem is indeed true whatever be the 
generating area, provided only that, as in the case of the circle, it va- 
ries agreeably to some law dependent on the equation of the direc- 
trix ; or, in other words, provided we can always express this in gene- 
ral terms as an invariable function of a? and?/, the general coordinates 
of the directrix, and therefore of x simply. 

Thus, let us suppose AB in art. (72) to be the directrix which go- 
verns the magnitude of the generating surface whose edge is BE ; 

• 

then, taking the same increment EC of the volume as before, we shall 
have to constitute on the sections BE, FC instead of cylinders, prisms 
BF, FG', between which the increment of the volume will as before 
be always intermediate. Now the ultimate ratio of these prisms is 
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unify, as was shown of the cylinders ; for their volumes like those of 
the cylinders are expressed by the product of their bases and heights : 
so that, as we may by hypothesis represent the one base hyfx y the 
other will be/ (a? + &)» and therefore the ratio of the prisms them- 
selves will be 

hf x 

which, by first dividing by h and then taking the limit or putting h = 
0, becomes unity, as in the former case : the theorem above is there- 
fore generally true. Let us give an example of its application to the 
solid called a circular groin. The generating area in this case is a 
square, and the directrix, to which it is always perpendicular, a semi- 
circle passing through the middle points of two opposite sides. 

Taking as axis of x the diameter perpendicular to the moving plafiA 
and the vertex as the origin, we have for any ordinate of the direc- 
trix, that is, for half the side of the variable square, the expression 

y = \/ 2ax — x 2 ; 
hence, the area of the square is 

4 (2ax — 3 s ), 
therefore this multiplied by dx gives 

dV = 4(2ax — x*)dx.\ V = 4f(2ax — x*) dx 

4 

= 4ac*. — - a? 3 , 
o 

C being because the expression for Y ought obviously to vanish 
with x* As another example, let it be required to determine the vol- 
ume of an ellipsoid. 
The equation of the ellipsoid being 

o 9 6* z* + 6 a c a x a + a* c*y* = a 2 6 s c\ 

it follows that the general equation of a section at any distance z from, 
and parallel to, the plane of xy, will be 

a 9 y* + 6 9 x* = ^ '- ; 

considering, therefore, this as the generating ellipse, we have for its 
semi.axes a , 6', 

19 



a- 
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a>/ c* — z 8 



6 = 



by/c* — z* 
c 



and consequently for its area (see ex. 3, p. 123,) 

c 

hence multiplying this by dz and integrating, we have 

This for the whole volume, or between the limits z = c, z = — c, 
becomes 

V = - neabc, 
o 

which is equal to a sphere whose radius is equal to $/ abc. 

(75.) The formulas given in the present chapter for the quadrature of 
curve surfaces and the cubature of their volumes, will be found suffi- 
cient for most practical inquiries, as the curve surfaces presented to 
us in nature or employed in the arts are almost invariably surfaces of 
revolution. In order however to complete the subject of this chapter, 
we shall now investigate general expressions for the volume and sur- 
face of any body that can be presented by an equation.* 

Let the equation of any curve surface be 
z = F (ar, y). 

Draw four planes parallel two and two to 
those of xz and yz, and let us seek the ana- 
lytical expressions for the volume Y and the 
surface S of the body MNEF, contained 
between these limits. 

Let x and y take the increments h and £, by which means the point 
M or (ar, y, z 9 ) will be removed to C, and the whole increment, taken 




* The student may if he please pass over the remainder of this chapter, for the 
present 
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by the body in consequence of this change, will consist of the two 
slices enclosed between the planes ME, SD ; SB, FM. The sum 
of these expressed analytically, that is the increment V — V, is 
(Diff. Calc. p. 86,) 

* + — i — * +-TT- -rr + t— T ** + -TT "IT * &C ' 



da? dy dx 2 2 dxdy dy 2 2 

If from this total increment we take the two parts MG, MH, there 
will remain the column MS ; the parts to* be subtracted are 

therefore the remainder is 

MS = -f— - A& + &c. 
ax ay 

By the same process we find for the surface MC, 

MC = 4^r- ** + &c. 
dra?/ 

Now the volume MS is obviously always intermediate between 
two prisms on the same base, and of which the altitudes are respect- 
ively SC, PM.* As these prisms are to each other as their altitudes, 
we have for their ratio 



z + I* 
{being the increment of z corresponding to the increment h and k ; 
hence in the limit, or when I = 0, the ratio is unity, and consequently 
the ratio of the intermediate volume to either prism is unity in the 
limit, that is 

d>V 

dxdy d?Y __ 

zhk ~" " " dxdy 

therefore, multiplying by dy and integrating with respect to y, we 
have 

* The increments A, k, are to be taken so small that the surface MC may be 
entirely convex or concave. 
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dY 



= fzdy, 



dx 

and multiplying by dx, and integrating with respect to x, we obtain 
finally 

V =ffzdydr, 

so that the volume is obtained by a double integration, which is per- 
formed by integrating first on the supposition that one of the variables 
ar, y, is constant, and then multiplying the integral properly corrected, 
or between the proper limits furnished by the problem, by the differ- 
ential of the variable, at first considered constant, and integrating 
again. This will be best explained by an example. 

Let the sphere be proposed, then 




i a -f y 2 + 2* = r !> .: z = y /r l — x 2 — y a ; 

hence 

d?Y _ , 

ax ay J 

let us first integrate relatively to x, that is on the supposition that this 
is the only variable, and we shall have 

dY r , _ 

—7— = j vr 3 — x 2 — y 2 • dx, 

in which integral y is considered a constant, therefore its value is (68) 

half a circular zone whose radius is x/r 2 — y 2 and abscissa x. 

It may be observed here, that the constant y being represented by 
AP, and the variable x by AQ or PN, this zone will obviously be 
that portion of the vertical section of the spherical quadrant which 
stands upon PN ; the utmost limit to which x or PN can extend is 
from P to M, therefore, taking the foregoing integral between the 

ig 

limits x = 0, x = PM = V r 2 — y 2 * it becomes - (r 2 — y 2 ), which 

must therefore express the area of the whole quadrant standing on 
PM. y is now to be considered as variable, and therefore this is a 
general expression for every vertical section of the spherical quad- 
rant, of which the plane is parallel to AB ; we know therefore from the 
last article, as well as from the general expression for Y in this, that 
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which, between the limits y = 0, y = r, gives for the spherical quad- 
rant 

V 6 ' 

and therefore the volume of the whole sphere is eight times this, or 

-AT 3 . 

3 

Let us now consider the surface MC, for which we have already 
found the expression 

MC = ^4- hk + &c. 
ax ay 

for the purpose of determining between what two surfaces, ultimately 
in a ratio of equality, it must be always intermediate. Let the sides 
of the vertical column MS be produced upwards, and still consider- 
ing M to be the lowest, and C the highest point on the surface MC, 
conceive tangent planes to be drawn to the surface at M and C ; of 
these the portions contained within the vertical planes will be the 
former greater in surface than the convex surface MC, and the latter 
less in surface, or the contrary if the surface MC is concave : it will 
be necessary to prove this. 

And in order to this we may first observe that if, through the point 
of contact of one of these tangent parallelograms, any vertical plane 
be drawn, the linear section on the parallelogram will be a tangent to 
the curve section on the surface MC ; and it is at once obvious that 
if, whatever be the direction of this section, the tangent is always 
greater or always less than the arc, both being terminated by the 
vertical sides of the column MS, the surface which is the locus of 
these tangents will accordingly be greater or less than the surface 
which is the locus of the arcs, that is than the surface MC : this 
being admitted, which is indeed axiomatical, our proof will be reduced 
to the showing, that in the sections of which we have been speaking, 
the tangent really is in the one case always greater than the corres- 
ponding arc, and in the other case always less, and this is proved as 
follows : 
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Let MC be any arc, AM and BC the or,dinates of 
its extremities, the former being the shorter and all the 
ordinates from A to B being in increasing order ; then 
the tangent CM' is obviously nearer to the perpendicu- 
lar CH on AH than the chord CM, therefore CM' is 
shorter than CM, and consequently shorter than the 
arc MC. Also the tangent MD must be farther from the perpen- 
dicular ME than MC, and must therefore cross CH somewhere in 
F between the parallels. Now FC, FM, are together longer than 
the arc MC, (Geom.) and FD is longer than FC, consequently MD 
is longer than the arc MC. If the arc had been concave to AB in- 
stead of convex, we should have found by the same reasoning that 
CM' would have been greater and MD less than the arc. Our propo- 
sition is therefore established, and it remains to find analytical ex- 
pressions for the two tangent parallelograms between which we have 
now shown the surface MC must be always intermediate. We know 
that the tangent plane at the point (#, y, z,) or M, is inclined to the 
plane of xy at an angle of which the cosine is (Diff. Cole. p. 166,) 

1 

I dz 2 dz 2 ' 
Vl + dtf+df 

and as a parallelogram situated in space is equal to its projection on 
the plane of xy divided by the cosine of its inclination to that plane, 
it follows that since the projection of either of our parallelograms is 
= hk, we must have for the area of that touching at M the expres- 
sion 

, I dz* d& 

the quantity under the radical being a function of a? and y we may 
represent it hyf(x, y), and to find the expression for the other paral- 
lelogram or that touching at C, we shall merely have to change in this 
x into x + h and y into y + Ar, multiplying the result as before by 
hk. Now 

f{x + h,y+k)=f{ X ,y) + ^yl h+ if^yl k + &e . 
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consequently, the general expression for the ratio of the two paral- 
lelograms in space is 



dz* dz* 



dx* dy* 



I dz* d* . 

which when h and k become reduces to unity ; hence in the limit 
the ratio of the intermediate surface MC to either of these parallelo- 
grams is unity, so that then 

d* S d* S 

+ &c. 
dxdy ' dxdy 

becomes , ■ — — = 1 



dz* dz* J dz* dz* 

t 1 + ~d? + ~dji* ^ 1 + ~d? + ~dy* 

therefore 

<P S I dz 1 d? r r J d& 5? 

As an illustrative example let us take as before a spherical surface. 
From its equation 

*" + !/» + * a = r», 

we get by differentiating 

dz x dz y 

dx z dy z 

and these values substituted in the foregoing expression under the 
radical reduces it to 



x 9 , y* 1 r 

Vl+-* + i> = -Vx* + y* + z* = T 



hence 

<P8 r 



dxdy */r* — x 2 — if* 

Integrating relatively to x, y being, for the present, considered 
constant, we have 
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dy^'Jy/r 1 — y* — x*~~ r * m ' Vr*—y* : "# 

this taken as before between the limits P and M, (see fig. p. 148,) or 

— — — *KT 

from x = to x = </ r* — y* is -—, which is the quadrantal vertical 

arc subtended by PM ; and multiplying by dy, and integrating again, 4 
have finally 



which from y = to y = r becomes for a quarter of the hemisphere 
— - , and therefore the surface of the whole sphere is 4*r*. 



OBAPTB1 XXX. 
MISCELLANEOUS INTEGRATIONS. 

(76.) The present may be considered as a supplementary chapter 
to what has already been said on the integration of functions of one 
variable, and in which it is intended to exhibit a few examples of the 
transformations to be effected in order to bring certain differential 
expressions to integrable forms. 



EXAMPLES. 



1. Required the integral of 



\/ 2ax + x 2 

dx. 

x 

Multiplying both numerator and denominator of the function by the 
numerator it becomes 



>r 



/•< 



-*? 
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(2a + x) dx adx + xdx adx 

:> V 2ax + x 2 = ^20* + ** + V 2ax + x*' 

The proposed differential is thus divided into two others immediately 
integrable : the first by the rule for powers art. (4), and the second 
itegrated at p. 32, ex. 12 ; hence 



/V 2ax + x* 
dx= </2ax + x* + olog. (x+ a+ </2ax+x*)+C. 
x 

It may be proper to observe that as the proposed satisfies the cri- 
terion of integrability at (21), it may be integrated by the method of 
substitution there explained. 

2. Required the integral of 

x dx 



^ ax + x 2 

By first adding i a dx to, and then subtracting it from, the numerator, 
we shall convert this differential into two others, of which one will 
obviously be immediately integrable by the rule for powers ; thus we 
shall have to integrate 

£ a dx + x dx \ adx 

V ax + o? a V ax + a? ' 

so that 

/» xdx 1 i ___■__ 

^j==p= V ax + x* — galog. (x+^a + Vax + ^ + C. 

3. Required the integral of 



a — x 

^ dx. 

x 



Multiplying numerator and denominator by >/a — x this becomes 

a dx — x dx 



•J ax — x 2 ' 



which would be the differential of V ax — x 2 if the numerator were 
diminished by $ adx; hence, first subtracting and then adding this 
quantity, we have 

20 
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/►la — x p\ a&x — x dx /• 4 a dx 
v/ dx = / : 4. / — =— 

x J y/ ax — x 2 ^ J s/ ax — 

= y/ ax — ^+-a versin. fc- C 

4. Required the integral of 

(1 — x l ) dx 



x* 



(1 + x 2 ) V 1 + as 2 + x* * 

Divide both numerator and denominator by 2 s and the expression 
becomes 

1 — x* 



x* 



dx 



1 + * J± + a + *> 



X X* 

Put 



also 



1 + x 2 , 1 — X 2 , 

y = .% dy = 3 — dx, 



*-*=■?+*. 



consequently the proposed differential becomes transformed into 

_ dy 

y Vtf + a — 2' 

of which the integral by ex. 8, p. 31, is 

1 V tf+ a — 2+ V a — 2 
V a~=2 l0 S' y 

6. Required the integral of 

1 +«» 

(1— *") VI +**'**• 

Assume 

... <fc = ^ 



1 



THE INTEGRAL. CALCULTTS. 155 

Also 

hence, by substituting these values in the proposed expression, it 
becomes 

ydy __ 1 2ydy cfe 



2* (y 4 _ 1)* 2* (y 4 — I)* ^ ^ — 1 
2 being put for y 2 . The integral of this is (18) 

-t log. J -s/s 3 — 1 + z\ + C = 
2* 

"7 log. K7^1+S'j+0 = 
2* 

6. Required the integral of 

s/ 1 + cos. a? • dx. 
Put 

1 + cos. a: = « .•. — sin. dx = dz, 
therefore 

sin. a? cfa? ds 



-^1 — cos.ar y/ 2 — s 
but 



sin -g _ Bin.a?</l + cos.ar _ sin. a? %/ 1 + cos. a: 



y/ 1 — cos. a: ^ 1 — cos. 2 a: sin. a: 



= s/ 1 + cos. a? ; 
hence 

y >/l+'cos.a?da? = —J s /~2~^ = z = 2 ^ 2 — * + ^» 
that is 

/ y/l +coe.a?da? = 2 \/l — cos. x + C. 
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7. Required the integral of 

sin. mx sin. nx dx. 
Since by Trigonometry 

cos. (A — B) = cos. A cos. B + sin. A sin. B 
cos. (A + B) = cos. A cos. B — sin. A sin. B 

••. - cos. (A — B) — - cos. (A + B) = sin. A sin. B, 

or, substituting mx for A and nx for B, we have 

sin. mx sin. nx = - cos. (m — n) x — - cos. (m + n) x ; 

2 2 

hence, multiplying by dx and integrating, we get 

/sin. mx sin. nxdx = 

- /cos. (m — n) xdx — - /cos. (m + n) xdx 

__ 1 $ sin. (w — n) a: sin. (m + n) a?. , p 
2 * m — » m-f-n * 

8. Required the integral of 

cos. mx cos. no? dx. 
By adding together the two trigonometrical formulas above, we 
have 

- cos. (A — B) + - cos. (A + B) = cos. A . cos. B ; 

hence 

cos. mx cos. nx = - cos. (m — n) x + - cos. (m + n) a?, 

therefore multiplying by dx and integrating 

/cos. mar cos. na?da? = 

1 c sin. (m — n) a? sin. (m 4- n) a?, ' 

2 c m — n m + n ' 

In like manner, by adding together the expressions for sin. (A + B) 
and sin. (A — B), we get 

/sin. mx cos. nxdx = 

1 .cos. (m+ n) x , cos. (m — ») #> , ~ 

— « J ; ' 1 J+C. 

2 ' m H- n m — n ' • 
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9. Required the integral of 

dx 



a + 6 sin. x % 
Substitute y for sin. a?, then 

ax = — — , 
Vl-tf 

therefore the expression becomes 

dy 

(a+*by)VT=tf $ 
which may be rendered rational by (17), or putting 

4he expression becomes 

2dz 

a— b+ (a + b)s? 

which is rational. 

10. To determine the integral of 

Kx*dx 



VVx 2 — x*— Q 

This maybe done by developing the denominator into a series ; but 
there is a neater and much more commodious manner of expressing 
the integral, since the proposed differential may be assimilated to that 
of an elliptic arc. Thus, calling s the length of an arc of an ellipse, 
we have (61) 

as = — == — (to, 
Va 2 — X 9 

and if in this expression we put 

a 1 — fx 2 = x n or a 8 — #» = x", 

a* 

we shall have 
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ax dx* a V x* — 6* 

••• dx = — — . v o* — x* = ====— 

^a* — bWa*—x' i Va* — b* 

x'*dx' 



.-. ds = 



%/ (a 1 + 6 s ) *'»— *' 4 — a 8 6* 

Hence the integral sought may be expressed by the product of a 
constant factor A by the arc of an ellipse of which the abscissa of the 
extremity is x. The axes of the ellipse are found by equating the 
expression under the radical here with that in the proposed differen- 
tial, which leads to 

ot+ 6i = P,o»6« = Q, 
whence the axes are 



2a=^P + 2</Q-WP — 2</Q 



26 = J P + 2V Q—V P — 2^Q 

80 that the integral of the proposed differential is A times an elliptic 
arc of which these are the axes, and of which the abscissa of the ex- 
tremity is 

a x/o 8 — x 7 



y/a 3 — fc 2 

It must however be observed that this is not the case unless P > 
2>/Q,forifP < 2 >/Q the axes become imaginary, and if P = 2\/Q, 

n ! 

x/P* 2 — x* — Qon/ (-P'_Q)_(s*— -P)» 

is obviously imaginary. 

11. To determine the integral of 

Adx 



X* y/?X* — X* — Q 

In the expression 

y/tf — etx 2 , 
ds = — ===== — dx 
Va* — x* 



put 



^ ^ . *V . a 8 — ft 2 a*6* 

a* — r x* — or cr — = 

r*- orcr 
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and we get 

whence 

— d>b 2 dx' 



ds = 



a/V («* + **) ar" — tf' 4 — o 3 ^ ' 
therefore, comparing this with the proposed, which we may write 



A — Qdx 

— t x 



Q arVPa? 8 — s 4 — Q! 



we see that the sought integral is — jr- times an elliptic arc, the ab- 
scissa of whose extremity is 



aW*? — b 2 



x <J a 2 — b 2 
and whose axes, as determined from the conditions 

a 2 + b 2 = P, a 8 b 2 = Q, 
are 



2a=</P + 2</Q+</P_2^Q 



26 = </ P + 2-/Q— ^P_2^Q 

12. To determine the integral of 

&a?dx 



VP^+tf 4 — Q 
The equation of the hyperbola is 

if = (**_!) (o^-a 9 ), 
in which 

« a 2 + V 

therefore, if 5 represent any arc measured from the vertex of the trans- 
verse axis, we have 



ds = — ===== — dx. 
</** — <* 



Assume 



-1 
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V x" + a? 
5*3?" — a 2 = x 92 .-. x = ? 

8 

hence 

a?' cLr' a?' 



d» = 



6 n/ a/ 2 + a 2 V x' 2 -f a 2 . 

a* 

a?' 3 dx' 

"~ ^(a 3 — 6 2 ) *' a -f ar" — a? 6*' 

which agrees with the proposed form. Hence the integral sought is 
A times the arc of an hyperbola whose abscissa is 

Vx 2 + a* 
and whose axes, determined from the conditions 
are 



2a 


= ^2P + 2 N /P a + 4Q 




26 


= ^—2P + 2^P a + 4Q. 




13. To determine the integral of 






A dx 






x 2 s/Vx 2 — x k + Q 




In the expression for ds 9 in last example, put 




fx 2 — 


alb 2 a V x* 

' or ~~ /o • • x — ^ / 
ar J sx 


+ &* 


and it will become 






<& = 


— tfVdx 


-• 



sV (a 2 — 6 a ) s" — a:' 4 + a 2 b*' 
comparing this with the proposed expression when written 



A — Qrfx 

-7T x 



Q JVVx 2 — x*+Q 

we find for the sought integral — -g- times an arc of the hyperbola 
whose axes are 
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2o= ^2P + 2VT* + 4Q 



26 = ^— 2P + 2x/P a + 4Q, 



and abscissa 



i- 



0^+6^ a* Vs 2 + b 2 



* x x Va 2 + 6* 

14. To determine the integral of 

V A + g 3 • dx. 

Every differential of this kind may be compared to that of an ellip- 
tic arc, since it may be reduced to the form 

x/o» — g* x 2 
— — — dx. 
Vtf — x 2 

For the proposed form is the same as 

___ CA 

x/ AC + B — Ax 2 . I B / (C ~~AC + B **) 



-j 



dx = vA + tc I { dx, 

VC — x 2 C * VC — a 2 * 

I B 

which integrated, gives ^ A + -77 times an elliptic arc, whose ab- 
scissa is x, major semi axis \/^' and excentricity 

C ^ 



AC+ B 

In a similar manner may 



be integrated by means of an hyperbolic arc. 
15. To determine the integral of 



>/A + By 2 f 
— == — dt/. 
VC ± y 2 * 

If we determine the expression for ds according to the second of the 
generartbrmulas in (59) we shall find that when 8 is the arc of an 
ellipse or of an hyperbola 

21 
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V6 4 + a a e a ^ dy 

the upper sign for the ellipse, the lower for the hyperbola, and to this 
form the proposed may be assimilated by writing it thus : 

^r l ~ 7vW~ l dy ' 

consequently the integral sought is q times an elliptic or hyperbo- 
lic arc, of which the ordinate of the extremity is y f and of which the 

conjugate semi axis is ^ C, and excentricity, c = C — t - , that is,the 
two semi axes are 



^CandVC'B ± AC, 

the upper sign having place if the arc is elliptic, and the lower if 
hyperbolic. 
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SECTION III. 



ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 

OF SEVERAL VARIABLES. 



CHAPTER Z. 
INTEGRATION OF EXACT DIFFERENTIALS. 

(77.) Any expression involving variable quantities and their differ- 
entials is called an exact differential, when it is immediately deriva- 
ble from some function of those variables by the common process of 
differentiation. In such cases the primitive function is always rea- 
dily determinable, or rather the integration may be always made 
to depend on that of a differential expression of a single variable. It 
becomes of consequence, therefore, when any differential expression 
is proposed, to be able to ascertain, first, whether it be an exact dif- 
ferential, and second, if it be exact, how to discover the primitive 
function. It will be the object of the present chapter to show how 
these objects are to be accomplished. 

Enter's Criterion of IntegrabilUy. 

(78.) Let the proposed differential expression be 

Mdx + Ncfy, 

in which M and N are functions of x and y. If this is an exact dif- 
ferential of any primitive function w, it must have arisen from differ- 
entiating ti relatively to both the variables x, y. But 
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hence, if our supposition is correct, we must have the equations 

_., du .._ du 
M = —i N = -j-. 
ax dy 

These, then, are the conditions from which we are to determine 
whether or not the proposed is really an exact differential, and they 
are quite sufficient for this purpose, inasmuch as they immediately 
lead to the necessary relation between M and N. For, let us differ- 
entiate these two equations, the first relatively to y, the second rela- 
tively to x, and we shall have 

dM _ &u rfN _ dfa 
dy dxdy dx dydx* 

but, (Diff. Cole. p. 87,) 

d?u dN, 
dxdy dydx' 

hence, that the proposed may be an exact differential, there mutt 
exist this relation between the functions M and N, viy* 

dM == dN 
dy dx' 

which is therefore called the criterion of integr ability. 
If the proposed differential contained three variables aa 

Mdx + Ndy + Fdz, 

then, as before, assuming the primitive function to be u, we have, 
since 



the conditions 



_ du . . du . , du _ 

du = -7- dx + -7- dy + -=- oz, 
cup dy * dz 



M== d? N = d? p== s? 



consequently 



dM 


dN 


dy 


d* 


dM 


dP 


d* 


d* 


dN 


dP 


ds 


dj, 



THE nm&GftAL CALCtHMTS. 168 

»e the necessary conditions of integrability* and it is obvious that 
generally for every differential function, containing n variables, we 

n. (n. — ~ 1 ^ 

must have - such equations of condition, if the proposed is 

an exact differential, because this formula expresses the number of 
combinations of every two of the n variables. 
Suppose the given differential were 

(3a* + 2axy) dx + (a* 2 + 3y a ) dy, 

then, since 

dM n dN 
— t— = 2<fcr, — r- — 2aav 
ay ax 

we may be sure that the differential proposed is exact. 
Again, let 

(3a? 2 — y) dx — xdy 
2^x* — xy 
%e proposed, then 



dtf 2*J x* — a?y 2\Zar* — ay 

da? 2V x 3 — xy 2V a? 3 — a?y 

40 that this also is an exact differential. 
But, if 

(x*y + i/ 2 ) da? — ar 3 dy + art/ 2 dy 

be the proposed differential, then, since 

dM . . rt dN , o , 

we should infer that the differential in question cannot arise from im- 
mediately differentiating any function whatever. 

Let us now proceed to the integration of differential expressions, 
which satisfy the foregoing conditions. 
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Integration of Differentials which satisfy the Conditions of Integra" 

bility. 

(79.) As the first term M<fcr of the exact differential 

du = Mdx + Ndy 

has been obtained by differentiating the primitive function tt, <as if y 
were a constant, it follows that if we integrate this first term on the 
same hypothesis the integral properly corrected must be the original 
function «, that is 

t*=/Mefo + C, 

observing, however, that in consequence of y being considered con* 
stent, it may enter the correction C, so that, as C may be a function 
oft/, it will be better to write this expression thus : 

ii=/M(fc + Y . . . (1). 

By applying similar reasoning to NJt/, the second term of the pro- 
posed differential, we should obtain for u the expression 

u =f$dy + X . . . (2), 

where X the correction may contain x. It merely remains, there- 
fore, to determine the proper correction Y or X in one of the equa- 

du . 
tions (1), (2). Let us take the first then, since N = -7- it follows 

from (1) that 

^_ dfMdx + dY 

dy dy 

dY _ T dfMdx 
dy dy 

The quantity within the parentheses cannot possibly contain x 9 other* 
wise this conclusion could not be deduced ; it would, indeed, be con- 
tradictory, seeing that Y cannot contain x.* Substituting in (1) this 

* This condition is in fact, involved in, and depends upon, that of integrabflity, 
for by differentiating the expression within the parenthesis relatively to x f the re- 
sult is 

dN, dM 

which, by the condition of integrability, is 0. 
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expression for T, we have, for the complete integral sought, 
n =fMdx+f(N-^^-)dy (3),. 

which is, therefore, a general formula for the integration of exact dif- 
ferentials of two variables. 

If we had taken equation (2) instead of equation (1) a similar pro- 
cess would have led to* the general formula 

u =fm y +f (& — *££*) & (4t) 

We shall now add a few examples of the application of thesa 
general formulas. 



EXAMPLES. 

1. To determine the integral of 

(6xy — y*)dx + (Zx 2 — 2xy) dy. 
In this example, 

M = bxy — y 3 , N = 3a* — 2xy 
dM . ft dN 

the differential proposed is, therefore, exact, and consequently the in- 
tegral is comprised in the general formula (3) or (4). Instead, how- 
ever, of availing ourselves of this formula, we shall employ the pro- 
cess which led to it, in order to render that process more familiar to 
the student 

Integrating the terms containing ebon the hypothesis that y is 
constant, we have 

/ (6^ — t/ 2 ) dx = 3a* y — f x + Y, 

and this, when T is determined, must be the integral sought, and it 
is the differential of this integral with respect to y that forms the term 
containing dy in the proposed ; hence, then, differentiating the ex- 
pression just deduced, with respect to y, we must have the identity 

3x 2 — 2xy + -T- = 3a 8 — 2xy 
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• * 



= .\ Y = constant; 



dy 
hence the integral of the proposed expression is 

2. To determine the integral of 

(2^* + 9a 8 y + 8a?) dx + (2a*y + Zx 9 ) dy. 
Here 

■^ = <*■ + ** = -E* 

■o that the differential is exact. 

Integrating with respect to a?, we have 
f(2fx + 9x*y + 8x*) dx = tfx* + 3x*y + 2a* + Y, 

and differentiating this with respect to y, and then comparing it to 
the term containing dy in the proposed, we have 

2yx > -f 3a 3 + ^- = 2x a y + 3af> 

.-. 4^ = .'. Y = C ; 

hence the integral sought is 

tfx 2 + 3x*y + 2x i + C. 

3. To determine the integral of 

dx 
* l i j + ada? + 2by dy. 

This is obviously an exact differential, since y does not enter into 
the coefficient of dx, nor x into the coefficient of dy. Hence, inte- 
grating the term containing dy, which is the simplest, we have, 

2fbydy = btf + X, 

and equating the differential of this, with respect to x, with the other 
terms of the proposed, we get 

dx 



.-. X = log. (x + V 1 + x 9 ) + ax + C ; 
hence the required integral is 
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by* + log. (x + V 1 + x 2 ) + ax -f C. 

We shall give one example of the process as applied to a differential 
expression of three variables. 

4. To determine the integral of 



Here 



du= ^f + (* + 2ay) dy (xy + atf) dz 

z z z 2 



z z z 2 



and 



cfy s dx' dz z 2 dx J 

ydx 
hence the proposed is an exact differential ; so that - — is the partial 

differential of w, taken relatively to the single variable x ; hence, in- 
tegrating with respect to this variable, we have 

u = JLf dx = ^ +F(y,«) (1); 

* z 

it remains therefore, to determine the function F (y, z), which com- 
pletes this integral. Differentiating with respect to y, and equating 
the resulting coefficient with that of dy, in the proposed we have 

du ___ x . d F (x, y) __ x + 2ay 
dy z dy z 

-% <* F (*> y) = 2ay 
" dy z 

Substituting this expression for F (#, y), in equation (1), it be- 
comes 

•—E + ft + ji....(i). 

22 
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We have, therefore, now only to determine the correction /z, which 
is effected by differentiating with respect to z, and equating the coef- 
ficient with that of dz in the proposed, so that we have 

dz z 2 z* dz z 2 

.•.^- = 0.-./z = C; 

dz J ' 

hence equation (2) becomes 

z 

the integral sought. 

6. To determine the integral of 

dy dx 



du = xdy + ydx — 



xy* yx* 



ti = yx + — . 

6. To determine the integral of 
du = (ox + by + c) dx + (bx + my + ») <Jjf 

tt = - ax 2 + byx + ex + - my 2 + njf + C. 
2 2t 



Differentials which are both Exact and Homogeneous. 

(80.) An algebraical function, consisting of several terms, is said 
to be homogeneous, when the sum of the exponents of the variables is 
the same in every term. 

Thus the following are homogeneous functions, viz. 

aaPy 3 + y 6 axy + y 8 + «* 
ax*tfz + %^,^==-» - /^T - ' 

the degree of homogeneity being in the first 6, in the second 6 — 2 
= 4, and in the third 2 — 3 = — 1. 

When exact differentials are also homogeneous, their integrals may 
be obtained by a very easy process, except in that particular case 
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where the degree of homogeneity is — 1, in which case the process 
we are going to explain is not always applicable. 
Let 

Adx -f Bdy + Cdz + &c (1) 

be an exact differential, and such that A, B, C, &c. are homogeneous 
functions of the variables, the degree of homogeneity being n, then 
the primitive, u, of this differential will be 

Ax + By -f Qz -f &c. 



n + 1 

For suppose, in the primitive function w, that instead of y, s, &c. 
there be substituted y'x, z'x, &c. then, in consequence of the degree 
of homogeneity of this function being n + 1, it will become divisible 
by a^ 1 * 1 , so that we may represent it by 

u = Pa* 44 (2), 

P being a function of y\ z\ &c. Also the proposed differential will 
be divisible by af , and may, therefore, be represented by 

AV dx + BV d . y'x + C &'& . z'x + &c (3). 

Let us now differentiate (2) relatively to #, only then 

du 

— dx = (n + 1) Pa* dx . . . . (4), 
dx 

and since (3) is the total differential of w, we shall obtain the partial 
differential relatively to a*, by suppressing all the terms connected with 
dy\ dz\ &c. ; that is, 

du 

— dx — AV dx + BV y'dx + Cx" z'dx + &c (5). 

dx 

dx 
Divide each of the identities (4), (5) by — , and we have 

x 

(n + 1) Px"* = As*- 1 + BV* 1 y' + C* 1 * 1 z' + &c. 
Restoring now the values of y\ zl, &c. viz. 

y' = ^ = -,&c. 

" X X 

and recollecting that 

AV = A t B V = B, &c. 
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this equation is the same as 

(n + 1) P** 1 = Ax + By -f Cs + &c. 
therefore 

p^+i = Tt __ A* + By + C* + &c. 

n+ 1 

It hence appears that to determine the integral of (1) it is necessary 
merely to change dx y dy, dz, &c. and to divide by the index of homo- 
geneity increased by unity. When the index n is — l f then the di- 
visor is 1 — 1, and this process is liable to exception, for to such 
differentials belong those of logarithms and circular arcs, and, although 
these differentials are themselves free from transcendental quantities, 
and have, therefore, a determinate degree of homogeneity n, yet it is 
not true of such that their primitives have the degree n + 1, so that 
for such differentials the foregoing process is inapplicable. 

(SI.) We shall now give an example or two of this method : 



EXAMPLES. 

1. To integrate 

du = (3^ + 2axy) dx + (ax 9 + 3tf") dy. 
This expression fulfils the condition of integrability ; hence, by the 
foregoing rule, 

u = ^ + ^y+^y_±Bf = ^ + a ^ + f+Cf 

which is the integral required. 

2. To integrate 

(3x* + 2bxy — dy 2 ) dx + (bx*— 6xy + 3cy») dy. 

This differential also is both exact and homogeneous ; hence by 
the rule the integral is 

3s 3 + Zbxhf — 3^ + bx*y — 6xtf + 3cy» _ 

3 
a? + bx*y — Zxtf + cy* + C. 

When homogeneous differentials are proposed for integration, it is 
often easier to apply the foregoing method of integration at once, with- 
out first trying the criterion of integrability, and then, by differentia- 
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ting the result, we shall return to the proposed, if this be an exact 
differential, otherwise the expression is not immediately integrable. 
If the homogeneous differential consist of three or four different va- 
riables, this mode of proceeding will be decidedly preferable. To 
exemplify this JVf. Dubourguet adduces the following : 
3. To integrate 

2 s/xy — z xdy 

dx + 



2m 3 Vx ' 2m 2 Vy 

x \/y — z \/ x y y/xdz 

2 — 7. du 3— 

w tr 

3 

^f which the degree of homogeneity is — -. 

By substituting, according to the rule x, y, s, and w, instead of 
their differentials dx, dy r dz y and du, and dividing the result by 

— - + 1 = — -, we find 

2x </ y z </ x x \/ y 4x </ y Az >/ x .2z 1/ x __ 
t? + ~i? u 2 ' u 2 t? ■ u 2 

x V y — z s/ x . „ 

— 5 r C; 

tr 

this result, differentiated, produces the proposed differential, which is 
therefore thus integrated. But if the differential of the result had not 
agreed with the proposed, the trouble of thus ascertaining this would 
be much less than that of seeking the six equations of condition in 
art. (78). 

4. To determine the integral of 

du = (2tf x + Sy 3 ) dx+ (2X 2 y + 9xtf + Sf) dy 
u = fx + Zy 3 x + 2y*+ C. 

5. To determine the integral of 

du = y — + (* — 2 v) d v + 0/ 2 — x v) <** 

z z z 2 

z 

The variables which enter the several differential expressions inte- 
grated in the present chapter are considered to be entirely independ- 
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ent, and the expressions themselves to be independent of other ex- 
pressions, so that, if they do not satisfy the conditions of integrabilhy, 
we must consider them as altogether unintegrable, since we are not 
at liberty to perform any preliminary operation upon them that might 
render them integrable. If, however, we have • a relation between 
any two differential expressions, so that we may obtain an equation 
between them, then, as the equation still subsists, whatever opera- 
tions we perform on each of .its members, we may obviously use 
means to render the equation integrable, without altering the relation 
which the equation fixes among the variables. It is thus that the in- 
tegration of differential equations is a much more extensive, as well 
as important, subject of inquiry, than the integration of isolated ex- 
pressions, and it is this subject that will occupy us during the remain- 
ing part of the present volume. 



OBAPTBB XX. 

Otf THE THEORY OF DIFFERENTIAL EQUATIONS 
AND OF ARBITRARY CONSTANTS. 

(82.) Let 

u = F (ar, y) = . . . . (1) 

be an equation, cleared of radicals, between two variables, whose re- 
lation to each other is thus fixed. If we differentiate this equation 
successively, x being the independent variable, we shall have the se- 
ries of equations 

*r '^ =0 '^ = ' &c (2) * 

in all of which the same relation between x and y subsists as in the 
primitive equation, for differentiation does not alter this relation, so 
that these equations all exist simultaneously with the primitive. 
Now we may remark of these differential equations that the first, 
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— = 0, is a function of*, y, and -X this last entering only in the 
ax ax 

first power, and that the equation contains the very same constants 

as the primitive, with the exception of that which has disappeared by 

the process of differentiation. We shall consider such a constant 

as this latter to have actually entered the function (1), as we propose 

du 
to view not only -=- =* as a differential function derived from (1), 

but moreover that (1) is the complete primitive of — = 0. In like 

manner, tbe equation £■ = 0, which is a function of*, ,, |, and 

-r~, the latter entering only in the first power, contains the same 

du 

constants as its primitive — = 0, with the exception of that which 
has disappeared by differentiation, and this constant we shall suppose 
to enter -r- = 0, viewing it as the complete primitive of -r-j- = 0* 

CLX CLXT 

If, then, we stop at the differential equation of the nth order, viz. 

that which immediately succeeds, it follows that the original function 

F(#, y)—0 must contain n arbitrary constants,and will be the complete 

d*u 
final integral °^-rjr = 0. Now, as there are n — 1 constants com- 

du 
mon to the two equations F (x, y) = and -r- = 0, we may elimi- 
nate any one of these, and may thus obtain n — 1 new differential 
equations of the first order, or containing no higher differential coeffi- 

dy 
cient than -^. These equations are necessarily all different, for at 

ax 

* 
every elimination the entire term connected with the constant has 

been eliminated. The same relation, however, subsists between x 
and y in each of these equations, viz. the relation (1) ; this, there- 
fore, is equally the complete primitive of either of them, and they can 

dv 
have no other. It will obviously be obtained ky eliminating -~- from 
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any two of the n differential equations of the first order, since the: 
suit will be the relation between a? and y, in virtue of which they 
simultaneously exist Each of the n — 1 equations which have been 
obtained by elimination may also, by modifying the primitive, be ob- 
tained by differentiation as the immediate differential was in the first "'-! 
instance. For, if the original primitive be solved for any one of the 
constants A, and we find A = f(x % y) then the equation/ (a?, y) — 
A = must be the same primitive under a different form, and if this 
be differentiated, the constant A will disappear, while all the others 
will enter the resulting differential equation. 

This differential equation, however, is not precisely the same as 
that arising from eliminating the constant A, although immediately 
reducible to it by the introduction of a factor, and this it is of conse- 
quence to prove. 

In order to put in evidence the constant A, which we wish to elimi- 
nate, let us write the primitive in this manner, 

V(x 9 y) + Af(x 9 y) =0 . . . . (1), 

then, for the immediate differential, we shall have 

dF(x,y) + Adf(x,y) = 0, 

and if we eliminate A by means of these two equations, the result will 
be the differential equation 

F (*, y) «*/(*. y) — /(*, y) dF (*, y) = (2). . 

Now this equation is not precisely the same as that which would arise 
from solving (1) for A, and differentiating the result, although it may 
be readily rendered so by a factor. For the equation (1), when 
solved for A, is 

A = — — .... (3), 

J (*» y) 

of which the immediate differential is 

f (*> y) d ffa y) — /(*» y) dF (*> y) . 

\ffay)V 

Hence, as affirmed above, (2) is not the immediate or exact differen- 
tial of (3), although it may be rendered so, by introducing the factor 

W&W ' ' ' ' (6) 



. . . . (4). 
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The equations (2) and (4) both involve the same relation (1) or (3) 
between the variables, yet we could not return from (2) to (1) or (3) 
without first introducing the factor (5), as this is necessary, in order 
to render it an exact differential. 

It must be remarked here that if besides A there also enter powers 
of it in the primitive (1), then when the equation is solved for A, the 
function of a?, y, to which it will be found equivalent, must contain 
radicals, since A has more than one value ; hence the differential of 
this equation must contain the same radicals (Diff. CcUc. p. 101), and, 

consequently, the expression for -A derived from it will have as many 

values as there are units in the highest exponent of A in the primitive 
(1). But if, instead of getting rid of A by the above process, we dif- 
ferentiate the primitive, and then eliminate the term containing A, 
and afterwards, by means of this result and the preceding, eliminate 
that containing A 2 , and so on, we shall in this way introduce no radi- 
cals, and shall yet finally obtain, as before, a differential equation 

without A : it follows, therefore, that as ~ must necessarily have the 

dtt 
same values here as in the former equation, -y- must enter in the 

ax 

same power that the constant A has in the primitive, and that, by 

solving the equation for -p, we shall obtain the same expression as 

by the former process. Let us now briefly examine the differential 

equations of the succeeding orders. 

d?u 
The differential equation -r-j = 0, immediately derived from the 

primitive, contains two constants fewer than that primitive ; but, by 
elimination, a differential equation of the second order may be ob- 
tained, in which any two that may be proposed of the constants in 
the original primitive shall be absent, and there are two distinct ways 
in which this elimination may be performed. Thus if A and B are 
the constants to be absent from the equation of the second order, 
then let us take the two equations of the first order, in the one of 
which A enters but not B, and in the other B but not A ; from the 
first and its differential eliminate A, from the second and its differen- 
tial eliminate B, and we shall have in each case the required differen- 

23 
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tial equation of the second order. This equation has, therefore, two 
distinct primitives of the first order although but one final integral 
As any two of the constants in the original primitive may be elimina- 
ted in this way, it follows that there are altogether as many differen- 
tial equations of the second order as the n constants admit of combi- 
nations two and two, that is, there are — such equations de- 
rivable from the primitive. 

In like manner, by elimination, we may obtain a differential equa- 
tion of the third order, in which any three proposed constants of the 
original integral shall be absent, and there are three ways in which 
the equations of the second order enable us to do this ; for, let there 
be taken those three of this order in which are absent the constants 
A, B from the first, A, C from the second, and B, C from the third ; 
then, eliminating C from the first and its differential, eliminating B 
from the second and its differential, and A from the third and its dif- 
ferential, we obtain in each case a differential equation of the third 
order, without A, B, C ; this equation, therefore, has three primitives 
of the second order ; also, as the number of combinations of n things 

bythre^is ^"- 1 ^;;- 2 ) , it follows that this is the number of 

equations of the third order derivable from the primitive. Without 
pursuing this reasoning further we may obviously conclude that any 
of the equations of the mth order has m primitives of the m — 1th 
order which are all different, and that the total number of equations 
of the mth order, derivable from the original primitive, is expressed 
by the number of different ways in which m of the n constants of the 
original primitive can be combined ; the number of equations of the 
mth order is, therefore, 

n (n — 1) (» — 2) . . . . (» — m + 1) 
1-2-3 m 

If from any two of these the mth differential coefficient, or that which 
marks its order, be eliminated the result must necessarily be one of 
the m primitives of the m — 1th order ; in like manner, by eliminating 
from any two differential equations of the same order the coefficient 
which marks that order, we shall arrive at one of the primitives of the 
preceding order, and thus at length at the final integral. 
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In the preceding discussion we have considered F (x f y) = to 
be the complete nth integral of - — dx" = 0, containing all the n ar- 
bitrary constants, of which one is introduced at every integration ; and 
it has also been seen that in setting out from this complete primitive, 

d a u 
the equation - — = may be obtained from n different equations of 

CL3J 

the preceding or n — 1th order : from one by direct differentiation, 

and from the others by differentiation and elimination combined; 

d n u 
hence, conversely setting out from - — = 0, there must exist, be- 

sides that integral of the preceding order given immediately by inte- 
gration, » — 1 other equations of the same order that are equally in- 
tegrals of the proposed. It might not be amiss to call these indirect 
integrals, and the other the direct integral. If a differential equation 
of the first order be proposed for integration, we may by differen- 
tiation deduce from it all the succeeding direct differential equations, 
to the with of which the preceding or m — 1th will be the direct inte- 
gral ; if, therefore, we can by any means obtain one of the indirect 
integrals, we shall then have altogether m equations preceding the 
with differential, and in which there will enter wi — 1 differential co- 
efficients ; all these may therefore be eliminated, and thus a final 
equation in x and y obtained, which will be the complete integral of 
the proposed. 

Lastly, since direct differentiation introduces no powers of the dif- 
ferential coefficients, it follows that if we have a differential equation 
containing powers of the coefficients, we may be sure that it is one of 
the indirect differential equations derived from the primitive. 

The degree of a differential equation is determined by the highest 
power of that differential coefficient which marks its order when the 
equation is freed from radicals. 

(83.) It may not be amiss to confirm and illustrate the foregoing 
theory by an example. 

Let us take the primitive equation of the first degree 

y + ax + 6 = . . . . (1), 

then, by differentiation, we get the direct differential equation of the 
first order : 
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|+« = 0....(2), 

wherein the constant 6 has disappeared. 

By eliminating the constant a, still common to both these equations, 
we get the indirect differential equation of the first order : 

y — x-JL + b = . . . . (3). 

The equation (1) is the common primitive of both these, b being 
the arbitrary constant when it is considered as the integral of (2), and 
a the arbitrary constant when considered as the integral of (3). The 
direct differential equation of the second order as derived from (2) is 

the indirect equation derived by eliminating 6 from (3), and its differ- 

d 2 v 
ential is also j~ = 0, the two equations (2), (3), being the two first 

primitives of this equation of the second order. 
Let the primitive be 

ax 2 — y + bx + c = 0. 
By differentiating we have 

2ax—-jL + b = . . . . (1). 

Eliminating from these equations first a and then 6 we have the 
two indirect differential equations 

x-£- — 2y + bx + 2c = 0,ax* + y — x-r- — c = (2), 

and from each of these equations a different one of the three arbitrary 
constants a, 6, c, has disappeared. Now let us seek that particular 
equation of the third order in which the constants 6 and c shall be 
absent ; this will be had by differentiating (1), which gives 

or by differentiating the second of (2), which gives 

2ax — x -=^- = 0, or 2a — ^ = 
dor djr 

the same as before; hence (1) and the second of (2) are the two 
first primitives of this differential equation of the second order. 
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CHAPTER XXX. 

ON THE INTEGRATION OF DIFFERENTIAL EQUA- 
TIONS OF TWO VARIABLES, AND OF THE 
FIRST ORDER AND DEGREE. 

(84.) A differential equation, whatever be the number of variable* 
it may contain, may obviously always be integrated whenever we can 
either separate the variables or render it an exact differential. In the 
former case the integration will be reduced to that of a series of differ- 
entials of one variable, and in the latter case the integration is effect- 
ed by the method pointed out in the last chapter. We shall here in- 
quire how equations of the first order and degree containing two va- 
riables may be thus prepared for integration. 

Separation of the Variables. 

(85.) We shall first consider the general form 

X dy + Y dx = 0, 

which is the simplest for which the variables are separable : X being 
a function of x without y, and Y a function of y without x. 

Dividing this equation by XY, the product of the coefficients, it 
becomes. 

Y + x - u, 
an equation in which the variables are separated, therefore 

is the sought integral or equation between x and y. 

As a particular example let the equation (1 + x 2 ) dy = y* dx be 
proposed. 
Dividing by the product of the coefficients the equation becomes 
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dy __ dx 

hence by integration, we have 

2\fi = tan." 1 x + C 

the required relation between x and y. 

(86.) The following is another general form in which the variables 
are readily separable, viz. 

XY dy + XT' dx = 0. 
For dividing by XY' the equation becomes 

Ydy X'dx_ 

~F~ + "X" ~~ ' 

where the first coefficient is a function ofy without a?, and the second 
function of x without y. 

As an example let the equation be 

x*y dx + (3y + 1) a? 3 dy — 0, 

which belongs to the above form, since the coefficient of each differ- 
ential is the product of a function of a: by a function ofy* Dividing 

3 

by y x*i it becomes 

y ' 

and taking the integrals, we have 

|** + 8j + log.j = C 

the required relation between x and y. 
(87.) In the form 

dy + Xy dx = X' dx . . . . (1), 

called a linear equation, because y enters only in the first power, the 
variables may be separated. 

To effect this separation put z = ^-, X, being an arbitrary function 

of a?, then 

y = «X, .•. <fy = sdX, + X/fe, 
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and the proposed will become 

zdX t + X, {dz + Xz dx) = X' dx. 

Now if the arbitrary function X' be determined from the condition 

zdX t — X'dx, then X, {dz + Xz dx) = . . . . (2), 

from which last equation we get 

dz 

— = — Xdx .*. log. z = — fXdx, 

that is passing from logarithms to the numbers, these all being powers 
of the base e whose exponents are the logarithms 

z = e"'** 

Substituting this value of z in the first of the equations (2) we get 

dX -— =Xe /to dx 
z 

fXdx 

.*. X / =/X' e dx, 
but we assumed y = zX t ; hence, by substitution, 

y = c {/X'c dx\ .... (3), 

which expresses the relation between x and y. 

To this form may be reduced the more general form 

dy + Xy dx = X'y"* 1 dx ... . (4). 
For substituting 

c 1 1 . dz 

z for t* ••• y = — •'• y = — i — 

y 2" nz n+1 



the equation becomes 



dz da? __ dar 

-h A— T — A r 



nz n z n z n 



i 
or multiplying by — nz" 



n 



dz — nXz dx = — nX' dar, 
which agrees with the form (1), and consequently, by (3) 



» 



* = — =e n/x *{ — nfX't- nf * d *dx\ (5). 

yn 

We shall add examples of the foregoing forms. 
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EXAMPLES. 

1. Given 

dy + ydx = aa? dx 

to determine the relation between x and y. 
In this example X = 1, X' = ax 3 , 

,:fXdx = x* /./X'e dx = a/a 3 ef dx = (ex. 2, p. 56) 

ae * (a? _ 3s 3 + 6x — 6) + C 
.:y = a (a? 3 — 3a? 3 + 6a? — 6) + Ce— , 
which is the relation between a? and y required. 

2. Given 

(1 + x 2 ) dy — yx dx = adx 

to determine the relation between x and y. 
Here 

X = — — £_ ., X'= ° 



1 + a? 2 ' 1 + ar* 

/Xdx 

r./Xdx = — log. ^ 1 + ar 3 •*• « = - 



log. vi+*« 



but by logarithms 



y/ 1 + ar 8 = e u »^ I+ ^.% c /xa * = 



1/ 1+a? 
^ ttda? ax 

.../xv-ib =/^T^? = vTTP + c (8ee P^ e 47 '> 



.-. y = oa? + C V 1 + ar 3 , 
the relation required. 

3. Given dy + ydx = a^ 3 da? to determine the relation be- 
tween a? and y. 

* It is useless to add a cosntant to the integral of X<£r, for suppose we do this 
and write thus the integral so completed P -f- c, then the general formula (3) 
may be written 

y = e~* •<T e £/X'e p -e'dxl 
■=«" P |/X'e p cfc|. 
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This equation comes under the form (4), and we have here 

X = 1, X' = a?, n = 2 

.-.fXdx = x .-./We^^dx = fxe~**dx = xe^ + ^t^ + C. 

see ex. 5, p. 56 ; hence, by the formula, (5), 

y 2 2 

the relation required. 

(88.) The summation of some extensive classes of infinite series 
may be made to depend on the integration of linear differential equa* 
tions ; we shall here give an instance or two. 

4. Required the sum of the infinite series : 

X 3r XT 3u 

y = i + r^ + TT3^5 + i-3-5-7 +&c - 

By differentiating 



« 



dx inr 1 T l -3 T l-3-5 T 
Transposing the first term and dividing by a\ 



x dx x 1 1 • 3 1 *3* 5 
which is the proposed series ; consequently, 

— ? = y ,\ dy — xy dx = dx. 

xdx x J * * 

and thus the sum of the series depends upon the integration of the 
linear differential equation 

ty — xydx = dx, 
in which 

X = — ar, X' = 1 .*./ X da? = — -x 2 

.:fX'e'™*dx =fe~¥ k dx .% y = e* m * \ff* ! dx\. 

This, although an analytical expression for the sum of the series, does 
not, however, enable us to exhibit that sum in finite terms, because 
the integral within the brackets can be expressed only by series. 
The proposed series, will, however, at once give us the development 
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of this integral, or of the integral/?-* 3 dz, by putting * V 2 for *, for 
we shall then have 

5. Required the sum of the infinite series 

y = l+^ g+ W(m+1) ^ + W(m+1)(ffl + 2) ^+&C. 

y T » n(n+ 1) n(»+ 1)(»+ 2) ^ "^ 

Multiplying by a?~\ 

yar~ l = a*" 1 + — a* + —) — ±—{- aT** + &c. 
a n n (n + 1) 

Differentiating, 

a*" 1 ^- + (n— Ijip*- 3 = (»— l)ar"+ ma*" 1 + 

CM? 

TO(OT+1) x"+&c. 
n 

Multiplying this by a^"* 1 , 

s>*-i-l + ( n — . 1) i/a?" 1 -* = (n — 1) a:"* 4 * + m*"- 1 + 
da? 

n 
Multiplying now by da:, and integrating, 

•/ x ax m — 1 n 

m {m + 1) 



n (n + 1) 
n — 1 



a*** + &c. 



, af*- 1 + aTy. 
m — 1 

Therefore, by differentiating 

x«-i^+ (n— 1)1/3^ = (»—l)a^- a + a^ + 
. , n — I — war , (n — l)cfcr 

••• * + x{i- x) y dx = *(i- x y 
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which is a linear differential equation agreeing with the form (1), and 
in which 

___n — 1 — ma? Y'— n — 1 



a? (1 — x) a? (1 — a?) 

, /» da? /» dx 

r.fXdx =(n — 1) / -— r — ro / 

^ v 'J a?(l — x) J 1— x 

(n — 1) log. x — (n — 1) log. (1 — x) + 

i /i \ log. a^~ l rX£ . a*" 1 

m log. (1 — x) = . —5 .«. e /Xd * = r , 

6 v ' log. (1 — a?)"-"- 1 (1 — x)"-* 1 - 1 ' 

consequently 

(1 — *)— ^ - ar- 2 dx 

the integral within the brackets being that of a rational fraction ; it 
must be corrected, so that y may be equal to 1, when x = 0. 

6. Given 

dy + ydx = ox" da? 
to determine the relation between x and y. 

y = Ce— + a* — wa*- 1 + n(n-l) a?"" 2 — &c. 

7. Given 

% — i !f ^ = &dx» 

to determine the relation between x and y. 

C 6 , 

8. Required the sum of the infinite series 

y = 1 H a: + x a H -;— a? + &c. 

J n n+1 n+2 

/» x*~ l da? /» x" dx 

9. Given 

- t xydx J, 

<ty + ^3^ = xy a da? 
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to determine the relation between x and y, 

,/ = C(l-*»)*-i(l-*>). 

(89.) In addition to the foregoing general forms, the separation of 
the variables may always be effected in differential equations of the 
first order containing two variables, whenever they are homogeneous. 

In order to establish this, we must first prove that if « be a homo- 
geneous function of x and y, the degree of homogeneity being n, then 
u may always be put under the form 

M = x n F (_). 
V 
For suppose the homogeneous function to be developed into a series 
of monomials, such as 

Ax' y*, Bx* f tf , Cx*" tf\ &c. . 

then, by virtue of the homogeneity, 

p + q = n,p + q' = n,p" + g" = », &c. 
If now we divide each of the terms by af f the first will become 

and the others will become 

B (£)f t C (^)*'\ &c. 
so that we shall have 

a^ \r ar 

Let now the equation 

Vdx + Qdy = 

be proposed, in which P and Q are homogeneous functions of a? and 
y of the degree n. 

Then, dividing by af, it takes the form 

F &&+/(?)* = <». 



X 



or, substituting z for -, 
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Fzdx +fzdy = or Fz +fc-f = 0. 

y 

In order to eliminate dy, let us differentiate the equation — = s, or, 
rather, y = z x, and we get 

d j? da? ' 

which, substituted in the foregoing equation, reduces it to 

F* +fz (z + ^) = 

xdz Fz -f zfz 

dx ~" y* 

da? dzfz 



. • 



37 fa + */* 

an equation involving the same relation between x and y as the pro- 
posed, and in which the variables x, z are separated, and which gives, 
by integration, 

. /» dzfz 

so that, after having obtained the integral on the right, we shall only 

y 

have to substitute in the result - for z, and we shall then have the re- 
ar 

lation between x and y sought. Let us apply this general process to 

a few particular cases. 



EXAMPLES. 

1. To determine the relation between x and y in the equation 

— ay = ydx. 

x — y * * 

Multiplying by a? — y, this becomes 

(ar 8 + yx) dy = (xy — f) dx, 

which is homogeneous, and of two dimensions, therefore, dividing by 
a 8 , we have 
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X X XT 

that is, substituting z for -, 

X 

but, since 

dv , xdz 

hence, by substitution and division, 

xdz __ z (1 — z) 



z + 



dx 1 + z 

xdz 2z* 



• • 



dx 1 + z 

dx 1 + z . 



x 2z* 



consequently 

2y 2 D a? 
which is the relation required. 
2. Given 



x dy — y dx = dx y/x 9 — y 1 

to determine the relation between x and y. 
Dividing by x, this equation becomes 



y I y 2 

dy — — dx = dx VI — ~r, 



or, substituting z for - , 






or, putting instead of -p , its value 
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it becomes 



dy = 
dx 


= * + 


xdz 
dx 


xdz 


= V 




dx 


1—z* 


dx 




dz 


• • 

X 


*/ 


1 *2 



y 

.*. log. x = sin." 1 z + C = sin." 1 - + C, 

x 

the relation required. 

y 

It ought to be remarked, that if any function of-, unmixed with the 

x 

variables in any other form, enter an equation which would otherwise 
be homogeneous, the equation may be treated as if it were homoge- 
neous, and the relation between x and y will be determined ; the fol- 
lowing example will illustrate this remark : 

3. Given the equation 

xy dy — y 2 dx = {x + y) 2 e dx 
to determine the relation between x and y. 

y 

Dividing by x 2 and substituting z for -, we have 



z^- = z 2 + (1 + zfe 
dx 



i— % 



that is, since 



dy _ , xdz 
dx dx 




4-.zda= (1 + z) 2 e~* 
ax 




dx e* z dz 




" x (1 + zf 




-* * 

e - e +c- 


y_ 

m 

xe 


1 + 2 , y 
1+ — 

X 


* + y 



+ c. 
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4. Given 



xdy — ydx = dx *Jx* + t/ 2 
to determine the relation between x and y. 

x 2 = 2Cy + C 2 . 

5, Given 

ydy + (x + 2y) dx = 
to determine the relation between x and y. 

lo g'^ + y) + TT7 =C ' 

6. Given 

y 2 dy = 3yx dx — x* dy 
to determine the relation between x and y. 

y 2 — 2x* = Cy%. 

(90.) Equations may sometimes be rendered homogeneous bj 
means of certain substitutions. Thus the general example 

(mx + ny + p) dx + {ax + by + c) dy = 

will become homogeneous, if we put 

* = x 1 + a, y = y + /3, 

and then determine a and /3 from the conditions 

p + ma, + n/3 = 0, c + act + 6/3 = 0, 

for it will then become 

{mx' + ny') dx* + (ax + by') dy' = 0. 

(91.) Let iis now examine the different integrable cases of 

The Equation ofRiccati. 

dy + btf dx = ax™ dx . . . . (A). 
1. Let m = 0, then this equation becomes 

where the variables are separated, and, by integrating, we have for 
the relation between x and y, 
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2a* x + C = log. (J + & y) — log. (J + b 2 y). 
2. When m is not 0, let us inquire for what values of m the 
equation may be rendered homogeneous. For this purpose put y = 
£*, and it becomes 

kz k ~ l dz + bz* dx = ax m dx, 
which cannot be homogeneous, unless 

k — 1 = 2k — m .: k = — 1 .•.*» = — 2; 

hence the only case of Riccati's equation that can be rendered ho- 
mogeneous is 

dy + by* dx = ax" 2 dx, 

which is rendered so by the substitution of z~ l for y. 

3. Besides the case 1, above, which is the simplest for which the 
variables are separable, Euler has found an infinite number of other 
cases, in which the separation is possible. To discover these, let us 
assume 

y = — y' x* + — . . . . (1), 

either of the variables x\ y' being arbitrary, then 



and' 



dx' 
dy = — 2*y dx* — x' 2 dy +—.... (2), 



2v' x' 2 x' 2 



Now, by adding to the first of these equations the second multiplied 
by bdx, the sum of their second members will be equal to the first 
member of the proposed equation (A). Let us see, therefore, 
whether we cannot assume for the arbitrary quantity x f such a value 
as may render the result of this addition similar in form to the first 
member of (A), as well as equivalent to it in value. The suitable 
expression for x' is easily perceived to be 

1 lit bdx , v 

* =£•••*= y- •••«* = — ji- • • • • w. 

for, multiplying (3) by this last, and adding the product to (2), we 
shall have 

_ x * dy — by' 2 x' 2 dx' = — ax'-*-* dx\ 

25 
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or 

dy' + h* dx' = ax'- m ~ A dx . . . . (5), 
which equation is similar to the proposed, and has the same coeffi- 
cients a, b with the same signs. By means of this transformation it 
appears from the first case that the proposed is integrable when 
— m — 4 = 0, that is, when m = — 4, and generally that for what- 
ever value n of m the proposed becomes integrable, it also becomes 
integrable for another value, viz. that given by 

— m — 4 = n .•. m = — n — 4 . . . . (6). 

It appears, therefore, from what has now been said, that whenever we 
have any case of Riccati's equation that may be compared to the form 
(5), it may be immediately changed to the form (A), the variables in 
the transformed equation being related to those in the proposed as in 
(1), (4). That is, the equation 

dy + by*dx = ax~ m ~*dx .... (7) 
is the same as 

dy' + by* 2 dx' = ax' m dx 1 . . . . (8), 
in which 

x' = - and y' = — yx 2 + T . 
x 3 J 6 

Again, assume in the equation (A), 

y = ± i .-. dy = ± -^ . . . . (9), 

and it becomes 

=f dy + byx = ad 2 x m dx, 

in which, if we put 

dx 

x"* 1 = x' .*. x™dx = — - .... (10), 

m t 1 

we have the transformed equation 

m 



b m+l a 

Tdy+——x' =—— y '*dx\ 

or 

/ m 

** ± ~^tt y"**' = ± i^tt * W+I • • • • <")• 
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Now it may be remarked here that the only integrable cases of 
Riccati's equation hitherto discovered, and which we are about to 
exhibit, are those in which the exponent m is negative, and numeri- 
cally greater than unity, with the exception of the fundamental case, 
m = 0, already considered ; therefore, since, in the equation (11)» 
in + 1 is necessarily negative, it follows that when the upper sign 

has place, that is, when — 7 is put for y in (A), then in the transformed 

equation (11), the signs of the coefficients, in the first and second 
members, will be respectively opposite to those of the coefficients in 
the second and first members of (A). But when the lower sign has 

place in (11), that is when 7 is put for y, then the coefficients 

in the first and second members of (11) have respectively the same 
signs as those in the second and first members of (A). Hence it 
follows that whatever be the signs of a, 6, we may always infer that 
the equation 

*y' ± -^Try' 2 **' = ± »tt /b ~ • • • • < 12 ) 

is the sams as 

dy" + by" 2 dx" = ax^dx' .... (13), 
in which 

ar" = x **\ and V' = ± \ % 

y 

abstraction being made of the signs of a and 6. 

It appears, therefore, that whenever (12) is integrable, (J3) is also 
integrable, and we may now show that there are an infinite number 
of integrable cases of Riccati's equation. For, let» be one of the 
integrable cases of ( 1 2), then 

= ».•. m = -— - .... (14), 



m-|- 1 n + 1 

so that by (13) this value of m belongs to an integrable case. 

The integrable cases hitherto found are those where the exponent 
is either or — 4, the first put for n in this formula gives no new 
case, but substituting the latter we have 
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— 4 4 



which is, therefore, an integrable case ; hence, putting this value for 
nin (6), we have another integrable case, viz. 

4 a 8 

TO = __4=- § . 

Putting this for n in (14), we have another integrable case, viz. 

8 

. — 8 8 

» = -— g = --, 

and thas, by using alternately the expressions for m in (6) and (14), 
we find that besides the two cases in which the values of m are 0, 
and — 2 the equation is also integrable, when m is any term in the 
infinite series 

A 4 8 8 12 12 16 

4, — , — , — — , — , — , — , OIC. .... ^10J, 

the general term being the negative number 

- 4 9 

m 2^±T 

which we may consider as the criterion of integr ability ofRiccalVs 
equation, when m is neither nor — 2, q being any number in the 
series 1, 2, 3, &c. 

It must be observed that the first, third, fifth, and all the odd terms 
of the series (15) arise from the formula (7), and the second, fourth, 
sixth, and^all the even terms, from the formula (12), so that when, in 
any proposed case, m is an odd term of the series (15), we must 
compare it with (7), and deduce the transformed equation (8), the 
exponent in which will be the preceding term in the series (15). We 
shall then have to compare this reduced equation with (12), and de- 
duce the transformation (13) in which the exponent will be the next 
preceding term of (15), we shall, therefore, return with this equation 
to (7), and so on, alternately using the forms (7) and (12) till at 
length the exponent in (7) becomes — 4, when the transformation 
(8) will be the final equation, and will be immediately integrable. 
An example will clearly illustrate this : 
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EXAMPLES. 

(91.*) 1. To determine the relation between x and y in the equa- 
tion. 

2dx 



dy + y 2 dx = 

x* 



g 
Since the exponent m = — - is found among the terms of the series 

(15,) we are sure that the proposed is an integrable form, and our ob- 
ject is to reduce it by successive tranformations to the fundamental 

form, m = 0. In order to this, as — — is an odd term of the series 

we must commence these transformations by comparing the proposed 
with (7), so that 

Q A 

a = 2, ro + 4 = - .\ m = — - and 6 = 1, 
and the first transformation (8) is 

dy' + by^dx — 2aT* .... (1); 
comparing this with (12), we have 

d b m 4 

= 1, r— = 2 and 



m+1 ro+1 m+1 3 

from which we get 

o = — 3, b = — 6, m = — 4, 
so that the second transformation (13) is 

dy" — 6y"* dx" = — Sx"- 4 dx' .... (2). 

Returning, with this to equation (7), we have for the final transforma- 
tion (8) 

d y'" — ty'" 2 <&"' = — 3 <fc"' • • • • (3). 

of which the primitive is 

* dr*—l ~ ~6VT l0g ' ° y'"- Vi"~ (4) * 
It remains then to substitute in this equation, for x"\ y"\ their proper 
values in terms of ar, y. From (4) and (1) we have 



198 THE INTEGRAL CALCULtT*. 



also 



ar'=-,y' = —yx* + *, 



35 x"' y y x T' 



and from (9) and (10) 



x"^ 



X 



3 „.// 



» 2/ = —. = 



,„ -i «, 6 + ** C 1 — y*> 

.\ a/" = ar 3 , y' = - — - sL_L ; 

6a;3 (i yx) 

hence, by substituting these values in the equation (4), we have the 
following equation between x and y, viz. 

V * 6 + * 3 (3 x/ 2 + *») (1 — «f*) 

or, since 

6 \/ 2a?~* = 6 \/ 2af^ log. e = log. e 6 ^ 8 *"^, 

the equation may be written thus, by passing from the logarithms to 
the numbers 

v-i j 6 + g3 (3x /2+g«)(l— y) = c 
6 — ^ (3 x/ 2 — *3) (1 — yx) 
2. To determine the relation between x and y, in the equa- 



c 6 



tion 



a 2 dx 
dy + tfdx =- — r - 



x 



tion 



e * f <** --il±-° | = c. 

c x (.n/ — 1) — a * 
3. To determine the relation between x and y, in the equa- 

dy + if dx = — a a a:" 4 
x a 






tion 
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4. To determine the relation between x and y, in the equa- 



dy = (f + 2a? ») dx 



3 </ 2 _, a* + y^ — 6 

j — = tan. ' j + C 

x* 9 SV 2x 3 (xy + 1) 

It may be observed before terminating this article, that every equa- 
tion of the form 

dy + 6y* x 7 dx = ax p dx ... . (B), 

which indeed is the form in which the equation which bears this name 
was proposed by Riccati, may be reduced to the simpler form (A), 
by substituting 

for dz x 9 dx, 

for thus we get 

— - = zander = Uq + 1) z\ *+», 

q H- 1 c w ' ' 

and, differentiating this last equation, we have 

— ? 

. z 9 dz 
dx = , 



5 + 1 



also 

p 

and these values, substituted in the equation (B) transform it to 

p-q p-q 



dy + by* dz = a (q + 1)** z 9 dz, 

which agrees with the form (A), page 296. 

Having now considered the principal cases of differential equations 
of two variables, which maybe integrated by the separation of the 
variables, it remains to examine those equations which may be con- 
verted into exact differentials. 



200 THE INTEGRAL CALCULT70. 

i 

On rendering Differential Equations exact. 

(92.) Every differential equation 

Max + Ndy = .... (1) 

necessarily implies a relation between x and y, which relation exhi- 
bits the primitive of that equation. It is not necessary, however, that 
(1) should arise from this primitive by direct differentiation, it may 
arise from eliminating a constant between this primitive and its direct 
differential, and if so it will not satisfy the condition of integrability 
(78) which has place only for correct differentials. The relation, 
however, between x and y is the same both in the direct and indirect 
differential equation, as already observed at page 1 75, and on this 
account it is easy to see that the one ought to become identical with 
the other, by introducing a factor, but that a factor will render every 
differential equation exact may be directly proved as follows : 
Divide the equation ( 1 ) by Nd£ and it becomes 

p' + K = . . . . (2), 

M 
E being put for -^, and let us suppose that c is the constant, by the 

elimination of which from the primitive F (a?, y) = and its imme- 
diate differential the equation (1) or (2) has been produced. The 
same will be produced if we solve the primitive for c and differentiate 
the result ; that is, putting the primitive under the form c =f(x, y) 
and differentiating, we have 

that is, 

Pp' + Q = P (p f + K), 

but the first member of this equation is the exact differential of/(x f 
y) ; hence the second member is the exact differential of the same 
function, so that there always exists a factor P which will render any 
proposed differential ( 1 ) integrable. 

Besides the factor P, there exists also an infinite number of others 
that will render the proposed integrable for representing the integral 
of MP dx + NP dy = by m, we shall have 



.* fc 



*" T: ■ ■■♦■ * ?>»> .V. 

fHB INTEGRAL CALCULUS. 201 "S 

du = MP<fc + NPcfy, 
and multiplying each member by any arbitrary function oft*, 911 we get* ■* - v*.^' 

<pu du = <pw (MPcfo + NPc%), 

and it is obvious that we may assume <pu of an infinite number of 
values that may render the first member of this last equation an exact 
differential, and consequently the second member also. 

As to the determination of one of these factors 2, in the first in- 
stance we know that since Mzdx + Nzdy is an exact differential, we 
must have the condition 

d . Ms d.'Nz 



dy dx 



that is, 



Mdz zdM __ Ndk zdTS 
dy dy dx dx 

. dM dN N __ dz _-. dz et% . 

from which equation we can deduce a value for z in particular circum- 
stances, viz. 1st, when this factor happens to be a function of only 
one of the variables, and 2d, if the differential expression is homoge- 
neous. 

dz 
(93.) Let z be a function of a? only, then -r-= 0, and therefore from 

dy 

equation (3) we deduce 

dM dN dx __ dz 
( "SjjT — ~dP N " ~P 

so that the first member cannot contain y ; hence, if there exist a 
factor z which is a function of x only, we must have in the first place 
the condition 

$-£) + — *....(«>. 

and then to determine z we have the equation 

log. z =/Fxdx. 
Let us take a particular case or two of this kind. jji*- 

26 



•T%r* 
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EXAMPLES. 



1. To determine the primitive of the equation 

ydx — xdy = 0. 



Here 



dM_^f JL = 2 



dy dx * N — a: 

r da? 1 

... log * = _ 2/ — = log. -^ 






therefore, multiplying the proposed by this, we have 

ydx — xdy _ 
? °» 

of which the integral is 

2 = 0. 

X 

2. To determine the primitive of the equation 
xdy + (b — 2y) dx = 0, 

dM_ dN J_ = _? 

* dy dx * N x 

.-.log.* = — 3/— = log.^ 

1 

therefore, multiplying the proposed by this, 
which is an exact differential, the primitive being 

JL*+c«o. 

8. Let the linear equation 

dy + Vydx = Qd* 



.,*?£■*■ ; 



1 .■■*■■ ■• - 
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be proposed : 



.•. log. z = fPdx .'. z = e /w *, 

therefore, multiplying the proposed by this, we have 

e' Fdx dy + y e' Pd * Vdx = e'** Qdr, 

of which the primitive is 

e'M'y^fe'^Qdx 

or 

» = *-/«■$/•/«■ Qy*J. 

It must be observed that z is not necessarily the factor which will 
render the equation integrable, although the condition (4) have place, 
for there may not exist any such factor : we cannot affirm therefore 
that the proposed after having been multiplied by the factor z, as de- 
termined from that condition, has been rendered integrable till we 
have submitted it to the criterion of integrability (78). The follow- 
ing example from Jephson's Fluxional Calculus is not to be rendered 
integrable by any factor which is a function of x only, although the 
condition (4) has place. 

4. Let the equation be . 

aydx + 2axdy = xydx, 

,dM dN, 1 1 , rt s o + x 



dy dx * N 2ax v 2ax 

dx 1 /» . 1 x 

~2x 



.*. log. z = — - f — - fda = 

& 2J x 2aJ 



log. x 



i 



log. ,/* . 2a 

* • Z — c • 6 , 



and if the proposed be multiplied by this, the result will not satisfy the 
condition of integrability. 

5. To determine the primitive of the equation 

1 

x* dy + (Ax 2 y — — ) dx = 

\/l — x 2 

X *y+ y/ l—a? = C. 
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6. To determine the primitive of the equation 
ay dy + {ex — by 2 ) dx = 0, 

ac 



by> — cx — -zr = C 



e 



26 

(94.) Let us now consider homogeneous differential equations* It 
may be proved that equations of this kind may always be rendered 
integrable by means of a homogeneous factor, and as the method of 
showing this is just as easy for any number of variables as for two, 
we may as well take the more general case. 

Let then the proposed equation be 

du = Mdx + N<ty + Vdz + &c. = . . . . (1), 

which we shall consider to be homogeneous and inexact, and let U 
represent the factor which ought to render du an exact differential 
du' ; we shall then have 

U du = UM(£r +£U Ndy + U Ydz + &c. = du' = . . . (2). 

But from the property of homogeneous differential equations, demon- 
strated at (80), we have, by putting n for the degree of homogeneity 
of u, 

UMa?+UNt/ + UP2+&c.=n«'.... (3) ; 

hence, dividing equation (1) by this, we have 

Mdx + N(% + Ydz + & c. _ dt/ 

Mx + Ny + P*r+"&cT " m7 " " ' ' ( ' # 

Now the second member of this equation is an exact differential, its 
integral being — log. u\ consequently this equation shows that the 
factor U, requisite to render (1) an exact differential, is 

U = I - 

M* + ISy + Ps + ke- 
if there are but two variables, the requisite factor to render 

Mdx + Ndy = 
an exact differential is 

1 
Mar + Nj 
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If the degree of homogeneity, n, of the sought integral should be 0, 
this process becomes inapplicable (80). 

When it so happens that the factor thus deduced is oo or the de- 
nominator of U is 0, it become useless, as we require a finite factor, 
and this may in such cases be often otherwise discovered. Thus, 
taking the equation of two variables 

Mdx + Ndy = 0, 
if we find that 

Mar + Ny = . •. N = — M -, 

if 

430 that the proposed may be put under the form 

yjx-jcdy Qr Mi * = 

1 y * y 

which will obviously be an exact differential if we multiply it by a 

x 
factor U capable of rendering UMt/ equal to a function of -, and such 

a factor may often be readily discovered. 



EXAMPLES. 

1. To determine the integral of the differential equation 

(yx + y 2 ) dx — (x 2 — yx) dy = 0. 
In this example 

M = i/a? + y*, N = — x 2 + xy 

. U = — 1— = — • 
"■ Mx + Ny 2y 2 x ; 

therefore, multiplying the proposed by this factor, we have 

dx xdy dx dy __ 
2y~ ~2tf + 2x + 2y "" * 

of which the integral is (79) 

x 

— h log. xy = C. 

2. To determine the integral of the differential equation 

0*fy + f) dx — (a 3 + xf) dy = 0. 
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Here 

M = y (*> + y»), N = — x (** + ?), 
so that 

M* + Ny = 0, 

and therefore, as above, the proposed may be put under the form 

y y 

and we have now to discover what factor U, will make 

It is easy to perceive that y* a? is such a factor ; multiplying by it, 
therefore, and we shall have, to integrate the equation, 

(l + £)<** = 

v &' y 

or 

The integral of this is z = C, and, therefore, that of the pro- 

z 

posed is 



xy 

We need not multiply examples here, as the student may apply 
this process to the homogeneous equations, integrated at (88), by the 
.separation of the variables. It is easy to show that in every case in 
which the separation of the variables is possible, a factor may be found 
that will render the equation an exact differential, but we shall not 
seek this factor, as the process would comprehend only that class of 
differential equations which we know may be integrated by separating 
die variables. 

As every differential equation of two variables is capable of being 
rendered an exact differential by means of a factor, and as unfortu- 
nately analysis in its present state furnishes us with methods of find- 
ing this factor in but few cases, analysts, and especially Eider, have 
been induced to consider the inverse problem ; that is, instead of 
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seeking for the factor which would render a differential equation inte- 
grable, they have sought the relation which ought to exist among the 
variables and differentials of an equation, given in form only, in order 
that a factor given also in form might render it integrable. But, ob- 
serves M. Peacock,* " these investigations frequently involve differ- 
ential equations, which cannot be integrated by any known method, 
and it cannot be said that the cases in which they are successful are 
of very great importance or extent. In order to ensure this method 
all the success of which it is capable, it would require a very com- 
plete classification of the forms of differential equations of the first 
order, as well as a knowledge of the forms of the multipliers which 
are suited to each class. The immense extent, however, of this in- 
quiry, and the difficulties which are met with, even in the simplest 
cases, preclude all hopes of its proving of much service in the general 
integration of differential equations of the first order." On the inverse 
method of factors the student may, however, consult Dubourguet CaU 
cut, Diff. et Int. torn. 2, p. 88, and Jephson's Calculus, vol. 2, p. 145. 
(95.) Before terminating the present chapter, we shall remark that 
we have sometimes to differentiate under the sign of integration, that 

is, M being a function of a? and y, to determine -j- from u =/Mcfo ; 

this is done as follows : 
Since 

du 

— = Mand — = -^- = ^^- = — 
dx dydx dxdy dx dy' 

we have, by multiplying by dx, and integrating as regards x, 

du /»dM 



du J 



dy J dy 

* Examples of the application of the Differential and Integral Calculus, by George- 
Peacock, A.M., FRS., &C. &C^ p. 340. 
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OHAFTSR XV. 

ON THE GEOMETRICAL APPLICATIONS OF DIFFER- 
ENTIAL EQUATIONS OF THE FIRST ORDER 
AND DEGREE, AND ON EQUATIONS OF 
THE FIRST ORDER AND HIGHER 

DEGREES. 

(96.) Before we proceed to consider differential equations of the 
higher orders and degrees, it will be desirable to present to the stu- 
dent a few geometrical problems of which the solutions depend upon 

the principles taught in the preceding chapter. 

* 

PROBLEM I. 

To determine the curve whose tangent is a mean proportional be- 
tween the part of the axis intercepted between it and a given point, 
and that same part augmented by a given line. 

Let the rectangular axes originate at the given point, and let a de- 
note the given line. The distance of the origin from the intersection 
of the axis with the tangent will be expressed by the difference be- 
tween the subtangent and abscissa, that is, by 

dx 

hence, by the conditions of the problem, the differential equation of 
the required curve is 



or 



or 



dx 
y»= ( a _ 2x)yj~— (a — x) x 

, __ (a — 2x) ydx — (a — x)xdy 
dy , 



THE HfTBGBAL CALCULUS. $09 

and, as the second member is an exact differential, we have, by inte- 
grating, 

y = (« — x ) x + c.:i?=(a — x)x+ Cy, 

therefore the equation of the curve is 

tf + x 2 — (ax+Cy) = Q, 

which is, therefore, a circle passing through the origin, and of which 
the coordinates of the centre arc £ a, £ C, (Anal. Geom.) The de- 
termination of G requires an additional condition. 



PROBLEM II. 

To determine the curve of which the normal is equal to that part 
of the axis of x intercepted between it and the origin. 

The part of the axis between the normal and the origin is the sum 
of the subnormal and abscissa ; it is 

dy , 
also the expression for the normal is 



dy 2 
Jf + f&i 



hence the differential equation of the curve is 

*+*£-*& + # 

or 

or 

y* dx — 2xy dy — x*dx = 0. 

This equation is homogeneous but not an exact differential ; hence, by 
(94), the integral is 

W + *^ = C .-. jf + x 9 — 2C* = f 

76X 

consequently the required curve is a circle passing through the ori- 
gin, and of which the radius is C, any arbitrary line. 

27 
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On Trajectories, 

(96.) A trajectory is a curve which intersects a given family of 
curves all in the same constant angle. 

Let the general equation of any family of curves be 

F'(* f y,a) =0 . . . . (1), 

a being the arbitrary parameter, and let the sought curve be such as 
to intersect each of these in the constant angle tan. -1 a. Let us first 
consider some individual curve of the family (1), a having a fixed 

value, then putting p for the ~- derived from its equation, in order to 

dv 
distinguish it from the -r- derived from the equation of the sought curve, 

we have {Anal. Geom.) 

dy 



dx 



— P 



'+'2 



.(2). 



- . . . . (3). 



dy __ p' + a 
dx 1 — ap' 

Now whatever be the sought curve, this equation, in conjunction 
with (1) will obviously determine the point (x,y) of intersection with 
the individual curve. It follows, therefore, that if we eliminate the 
parameter a, by means of these equations, the result will be the locus 
of these points for all the curves of the family (1), that is to say, it 
will, be the equation of the trajectory sought. 

If the constant angle of intersection is a right angle, then a = oo , 
and consequently from (2) 

1 +,,'! = <).... (3<), 

and eliminating a, by means of this and (1), the resulting equation 
will be that of the rectangular trajectory. 

It may be here remarked that instead of leaving the elimination of 
a till we come to the equation (3) or (3'), we may previously perform 
the elimination by means of (1) and its differential coefficient p', since 
p' is the only term in (3) into which it can enter. 
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PROBLEM III. 

To determine the curve which intersects at a right angle every 
straight line of the family 

y = ax ... . (1), 

that is to say, all the straight lines that can he possibly drawn through 
the origin. 

By differentiating this equation, we have 

p f = a . . . . (2), 

therefore, eliminating a by means of this and (1), we have 

.•. xdx + ydy = 0, 

which is the differential equation of the trajectory ; hence, by inte- 
grating, 

so that the trajectory is a circle of arbitrary radius centre at the origin. 

PROBLEM IV. 

To determine the trajectory which intersects the series of straight 
lines 

y = ax 

in the oblique angle tan." 1 a. 
As before, 



p — » 

X 



hence the equation (3) is 



ay x 

•£ = .'. (* — ay) dy — (y + ax)dx = 9 

1 — a — 
x 

which is the differential equation of the sought curve. By integrat- 
ing this (89), we have 
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y 

tan." 1 - = a log. C >/a? + y*, 

but a times the hyp. log. of any quantity is equal to the log. of the 
same quantity in the system whose modulus is a ; hence, calling the 
base corresponding to this modulus 6, the foregoing equation is the 
same as 

Log. b tan." 1 ^ = Log. C >/x* + tf 9 
or, putting 

y/x* + y 3 = r, and tan." 1 - = w 

x 

b u - Cr, 

C being arbitrary. If we assume it so that r = 1 when w = 0,then 
C = 1, and the equation becomes 

o = r, 

which is that of a logarithmic spiral ; b being the base of the system 
represented, a = tan. Z P (see Diff. Calc. p. 119,) the modulus, 

and tan."" 1 - = w being the angle PFA. 

problem v. 

To determine the rectangular trajectory of the system of parabolas 

y 3 = 2aa?. 
Here 

a j y 2 y 

p = - and a = £-.•.»' = -?-. 
r y 2x r 2a? 

Hence the equation (3') is 

l+7r~'-r- = 0.*. 2a? da? + vdy — 0, 

2ar da? * * 

which is the differential equation. Integrating this, we have 

2** + j B = C f 
the equation of an ellipse, of which the centre is at the common Vertex 
of the variable parabolas, and of which the axes are 2 \/ C and \/2Cl 
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t 



As C is arbitrary there are, as usual, an infinite number of elliptic 
trajectories, but in all, the axes are to each other as 2 to y/ 2, or as 
\/2, tol. 



PROBLEM VI. 



To determine the rectangular trajectory of the series of parabolas 
■whose general equation is 

tf* = our*. 
The trajectory is the ellipse my 2 + nx 2 = C. 



PROBLEM VII. 

To determine the rectangular trajectory of a series of circles all 
touching a given straight line at a given point. 

Any circle passing through the given point, and having its centre 
on the given line is a rectangular trajectory. 

Integration of Differential Equations of the First Order and of the 

Higher Degrees. 

(97.) The most general form of a differential equation containing 
two variables, and of the nth degree, is 

3£r+ ^S^=r+ • • • • .+ M <fc + J * ° • ' • • (1 ^ 

and such an equation we know (82) cannot be the immediate differ- 
ential of any integral, but must be derived from its primitive by the 
elimination of a constant which enters it in the nth degree. This 
elimination may be considered to be performed thus. The primitive 
being solved for the proposed constant C we shall have, in conse- 
quence of C having n roots, n expressions for C, in terms of a? and y, 
from all of which G will vanish by differentiation, 'and we shall thus 
have n differential equations of the first degree of which the integral 
of each will satisfy, being indeed a factor of, the primitive, and their 
product will be the equation of the nth degree (1). 
Hence, to return from (1) to the primitive, we must find its n com* 
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du 
ponent factors of the first degree in —-, integrate each of these an- 
nexing the same constant C and then multiply the n results together, 
and we shall thus have the complete primitive. The theory of this 
class of equations is therefore very easy and obvious, but the resolu- 
tion of (1) into its component simple factors, or, in other words, the 
solution of an equation of the nth degree, is a problem not to be ac- 
complished in the present state of analysis, except in a few particular 
cases. We shall give an example or two in these cases. 

EXAMPLES. 

(98.) 1. Given 

dy 
This being an equation of the second degree, the two values of ~ 

4. 

are determinable : they are 



dy — x ± y/y* + x* 
dx~~ y ' 

hence the component factors of the proposed are 

y £+ x + ^^+^=0 

dy 

y-^+ * — s/tf+ x* = 



which reduce to 



y dy + xdx 
Vf + x* 



and it is plain that the first member of this is the differential of 
± y/y 2 + a*; consequently the factors of the required primitive are 

± vyT* 5 = x + c, 

of which the product is 

y 2 = 2Ca? + C a . 

It is easy to see, without further illustration, how the primitive is to 
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be obtained, when the proposed differential equation is resolvable into 
its constituent factors. When this resolution is impossible, the 
primitive may nevertheless be obtained by analytical artifice, when 
the proposed appears under certain forms. 

I. 

The solution may be effected when only one of the variables x or 
y enter the proposed, provided the equation can be solved for this 
variable. 

Put jd' for the differential coefficient, then, as the equation contains 
but one of the variables, say x y and as moreover it may be solved for 
this, we may reduce it to the form 

x = Fp' .... (1). 

Now since dy = p'dx, we have, by integrating by parts, the second 
member, 

y = xp' — fxdp .... (2). 

Substituting (1) in (2), we have the equation 

y = p Yp'— fYp'dp' (3), 

it remains, therefore, to integrate the differential of a single variable 
"Fp'dp'j and then to eliminate p by means of (1) and (3) ; the result 
will be the sought relation between x and y. 

It may be here remarked that if the proposed equation is not so 
easily solvable for a?, as for p', then, instead of (1), we had better get 

p' = Fa? .•. dy = Fa? • dx, 

which immediately gives the required relation 

y =/Fa? • dx. 
2. Given the equation 

xr^j + x — 1 = 0, or xp* + x — 1 = 

to determine the relation between x and y. 
Solving for or, we have 

* = p'a + i • • • • C 1 )' 

Hence the equation (3) is 
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y -. P' P d P 

y p» + 1 J p u + 1 

= ^Vt — tan- " ,p+c — (2)r 

putting in this the value of jd', furnished by (1), we hare 

1 — x 



y =■ </ x — x 2 — tan." 1 >/ h CL 

If, in the case we are now considering, the proposed is not solvable, 
either for x or p\ then the artifice usually employed is that of substi- 
tuting xx forp', as by this means we obtain an equation of which all 
the terms, unless one is constant, become divisible by a power of x r 
and therefore the degree of the equation maybe depressed. If then, 
in this depressed state, the equation can be solved for x in terms of 
2, or for x in terms of or, we shall have, by substituting the result in 
the assumed condition p' = xz, either 

-jjjr = zfx .-. y =fxfx dfx (1), 

or else 

dv 

— = xfx .•. y =fxfx &:••.. (2). 

In the first case the relation between x and y will be given by com- 
bining (1) with the depressed equation. 
3. Given the equation 

*£ + *£+!-* 

dv 
Here, if we were to substitute yx for -~, we should be no more able 

to depress the equation than in its present form, because of the con- 

dx* 
stant 1 ; but if we change its form by multiplying the terms by -rj » 

it becomes 

dx 9 dx 5 

f + tTf+d?** ' 

dx 
which, by the substitution of yx for — , reduces to 

y 5 + y 4 a?+2f s 2 5 = 0ory + a* + ^«O 
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s a 



•■• y 1 + z 5 '•••(*) 

2(2 — 3s 5 ) dz 

•'• d y ~ — (i + «•)* ; 

hence, in virtue of the condition 

dx = yz dy, 
we have, by substitution, 

2z 4 dz Zz*dz 

dx = 



(1 + z 5 ) 3 (1+* 5 )* 
and, integrating, 

3 1 
x ~~ 50T+ 2 s ) — 2(1+ if + C (2 )' 

The equations (1) and (2), combined, express the relation between 
x and y. To eliminate z we may first determine 1 + z 5 from the 
quadratic (2), and thus obtain the function of x, which equals the de- 
nominator of (1) ; and if 1 be taken from this function, the £ power 
of the result will be the numerator. 

II. 

The solution may be effected when both variables enter the propo- 
sed, provided they render the terms homogeneous with respect to the 
variables, and provided, moreover, we could solve the equation for x, 
if it were equal to y. 

For, let n be the degree of homogeneity, then, by substituting xz 
for if, and dividing by x* 9 which must necessarily be a common factor 
of the terms, we shall have an equation between z and p\ in which 
the highest power of z will be n ; if then this equation can be solved 
for z, we shall have 

z = Fp .•. dz = dFp', 
but, since 

y = xz ••. dy = xdz + zdx. 

or, substituting for z and dz the values above, 

dy = xdFp + Fp . dx, 

or, since dy = p'dx, this equation reduces to 

dx dFp 

(p' _ Fp*) d» = xdFp' .-. — = p , _ f Fp „ 

28 
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whence 

y» dFp* 

and this, in conjunction with the assumed condition 

y = xFp, 

furnishes the required relation between x and y. 
4. Given the equation 

y — xp = x V 1 + j/ 

to determine the relation between a? and y. 

Putting xz for t/, and dividing the result by ar, we have 

z — p'= VI + p' a .-.s=p'+Vl + p* 

.•. dz = dp' H . 

^ T V1 + P* 

and from the equation 

p'dx = cfy = xdz + zdx 
we get 

dx dz dp pdp f 

~x ~~ p' — z ^1 +p* ~ l + P*' 

and integrating 

log.* = — log. (p' + VH^ 5 ) — log. Vf+T^+log.C; 

hence 



a? = 



VI + p*(p' + VI +p") 
and this, in conjunction with the assumed condition 

y = xz = x (p' + VI +p*) 
expresses the relation between x and y. To get this in a single equa- 
tion, we must eliminate p ; and, in order to this, substitute the value 
of x, above, in this expression for y % and it becomes 

c c a Jc 3 

y = — =• .% 1 + p* s= — .«. ©' = V~j — 1, 

vi + p 2 y f 

hence, by substitution, the expression above for x becomes 

c + ^c 2 — / 

the relation required. 
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m. 



Another Integrable form is 



in which the function F-^- contains neither x nor y. This is Clai 

ax 

rauPsform. 

By differentiating this form, we have 

dx dx dp' dx 

.s.-|. + $=l £....<«>. 

"which equation leads equally to the two conditions 

(4) .... x + —j^- = and -£- = (5). 

dp ax 

Now the first of these contains no differential, for , , is the differ- 

dp 

ential coefficient of dp', and is, therefore, a function of//, so that, if p 
be eliminated by means of (1) and (2), the resulting equation between 
x and y will certainly satisfy the proposed, but yet cannot be the com- 
plete primitive, since no arbitrary constant is introduced. The com- 
plete primitive must, therefore, be furnished by the other condition (5). 

dp 
Now the condition —£— = leads to p = C ; hence the remark- 

ax 

able fact, that in Clairaut's form the complete primitive is found, by 

nerely substituting the arbitrary constant C for p in that form 



EXAMPLE. 

To determine the complete primitive of the equation 

dy , dif 

v — x— = a + a— — 

or 

y=p'x + a(l+p'*). 

Substituting G for p', we find for the primitive the equation 
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y = Cx + a (1 + C a ), 

as is obvious, for if we differentiate this, we get p' = C, and this put 
for C, in the equation, produces the proposed. 
In like manner, the complete primitive of 

ydx — xdy = a (dx 3 + dy 3 )*, 
or 

y =p'x + a(l+p' 3 )3, 



is 



y + Cx + a(l + C*)i 



IV. 



We shall terminate the present chapter by exhibiting the integral 
of the form 

y = p x + Q, 

where P and Q are functions of p'* 
By differentiating, we have 

dy = p'dx = Vdx + xdP + dQ 

... (p _ p') dx + xdP + dQ = 

This last is a linear equation (87), and, therefore, 



x = c 



/* dP /* dP 

P— p' 



S/' -"A| 



consequently this equation, in conjunction with the proposed, expresses 
the relation between x and y, and if p' be eliminated therefrom, this 
relation will be expressed in a single equation between the variables. 
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CHAPTER V. 

ON THE THEORY OF SINGULAR SOLUTIONS OF 
DIFFERENTIAL EQUATIONS OF THE 

FIRST ORDER. 

(99.) Every differential equation may be considered to have been 
derived from its primitive, by eliminating a constant between it and 
its immediate differential. Thus, if F (x, y, c) = 0, c being the ar- 
bitrary constant, is the complete primitive of the differential equation 

/(*>y,j|)=o....(i),. 

then has (1) arisen from eliminating c, by means of the equations 

(2) F (*, y 9 c) = 0, ^-^— = (3). 

Now if instead of the constant quantity c, any variable quantity were 
to be substituted in each of these equations the result of the elimina- 
tion of that variable would obviously be the same equation (1), so 
that, if c be supposed to be such a variable that the differential (3) of 
(1) may be precisely the same as when we supposed it constant, then 
tiiis variable value may be attributed to c, without affecting in any- 
wise the result (1) of its elimination. Let us then see whether it is 
possible for such a variable value of c to exist. By considering c va- 
riable, as well as x and y, the differential coefficient derived from (2), 
relatively to the independent variable a?, is 

dF (x, y, c) dF (g, y, c) dc ___ 
dx dc dx 

and in order that this expression may be the same as would arise from 
differentiating, on the supposition of c constant, that is, in order that 
it may be identical to (3), it is obviously merely necessary to deter- 
mine c from the condition 

dF (ar, y, c) dc _ Q 
dc dx 

which condition may be satisfied upon either of the hypotheses 
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dc dF (x, w, c) 

W--- 5 =Oor~i^J = 0....(6). 

The first fixes a constant value for c, and therefore the requisite va- 
riable value is to he determined from the second. This variable then 
put for c in (2), however it may alter the form or degree of that equa- 
tion does not deprive it of the character of being an integral of (1) 
seeing that this last arises from the combination of (2) and its imme- 
diate differential (3). This integral is necessarily different from the 
complete primitive (2), since in this c is an arbitrary constant, while 
in the other case, it is a certain function of x and y, determinable 
from (5). 

We see, therefore, that it is possible for a differential equation to 
have other integrals besides the complete primitive, but derivable from 
it by substituting in it, for the arbitrary constant c, each of its values 
given in terms of x and y by the equation (5). Such integrals are 
called singular integrals, or singular solutions of the proposed differ- 
ential equation. 

It must be here particularly remarked, that the value of c, as de- 
duced from the equation (5), is not necessarily a function of the va- 
riables ; for c may be connected with these variables in F (x, y, c) 
merely by way of addition or subtraction, in which case (5) will im- 
ply fc = 0, the roots of which equation will be particular constant va- 
lues of c, which, substituted in the complete primitive, will furnish so 
many particular cases of that primitive ; these, therefore, will be but 
particular solutions. Moreover the value of c, as deduced from (5), 
may appear under the form of a function of x and y, and yet be, in 
reality, a constant value ; for the complete primitive, if solved for one 
of the constants a, which enter it, will furnish for the value of that 
constant a function of x, y, and c ; if, therefore, this function, by as- 
suming any particular value for c, or, indeed, if any function <p of this 
function, agree with the function for c given by (5), then the substi- 
tution of this latter for c in the primitive is no more than substituting 
the constant (pa, and thus the solution is not a singular, but, as before, 
a particular solution, and would have been immediately furnished by 
the primitive, upon substituting (pa for c. It is necessary, therefore, 
before we pronounce the result of the elimination of c from the equa- 
tions (2) and (5) to be a singular solution of (1), to assure ourselves 
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that this same result cannot be obtained by the mere substitution of 
constant function for c in (2). 

It may be here remarked, that if the value of y or of a? be deduced 
from the complete primitive 2, we may write it 

y + f(x,c) = or x+f(y,c) = 0; 
hence the differential of either of these with respect to c only, that is, 
the condition (5) becomes either 

dc dc 

that is 

dv dx 

J = 0,or^ = 0....(6), 

so that the values of c, corresponding to singular solutions, are fur- 
nished equally by equation (5), or by these two. 

There is one class of differential equations which we can at once 
affirm to have no singular solution, viz. those into whose complete 
primitives the arbitrary constant c enters only in the first power ; for 
in such cases c will be eliminated in (5) by differentiation, so that 
this equation fails in this case to supply a value for c. We have seen 
(£2) that equations of the first order and nth degree arise from primi- 
tives into which c enters in the nth degree. Hence no differential 
equation of the first order and degree can have a singular solution.* 
See Note D. 

Before proceeding further, let us illustrate what has been said by 
an example, and let the proposed equation be 



yd x — xdy = a </ dx 2 + rfy 3 , 
or 

y = p'x + a V 1 + p ,2 » 

which being of Clairaut's form, its complete primitive is 

y = ex + a Vl -t-c 3 .... (1). 

To determine the singular solution, we are to eliminate C between 
this result and 

dy ac * 

^ ==j?+ n/TT? ==0/,c = " y/a* — a? 

* It must not be forgotten, that in all our reasonings on the theory of differen- 
tial equations, they are considered as freed from radicals. 
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substituting this in (1), we have 



y = \f a 1 — ar 3 , 

or 

f + £ = a 3 . . . . (2), 

which is the singular solution, for it can never be comprised in the 
complete primitive (1), since whatever value we give to c, that equa- 
tion always represents a straight line, while (2) represents a circle. 

As in Clairaut's form, to which the above example belongs, the 
complete primitive is always the same as the proposed differential 
equation, viewing the coefficient p in the light of an arbitrary constant, 
it is evident that in this form the singular solutions may be obtained 

dy _ dx 

by eliminating p between the proposed and -yr = 0, or -r-y — 0. 

If this were the case with other forms as well as with that of Clairaut, 
we should then be able to determine the singular solutions whenever 
they exist from the proposed differential equation, without being at 
the trouble of first finding the complete primitive. Let us then ex- 
amine this point. 

(100.) It has been seen that the differential equation (3) is the same, 
whether c be constant causing (2) to be the complete integral of (1), 
or whether it be such a variable as to cause (2) to be the singular 
solution of (1). In cither case the elimination of c from these two- 
equations produces (1), so that if we solve (3) fore, calling the result 

and substitute this value in (2) we shall have (1) under the form 

« = F (a-, t/, o) . . . . (1'), 

where <p is put for <p (*, y % p). 

This equation being the same as (1), the original differential equa- 
tion, it follows that if we substitute for p which enters the function 9, 
its value as deduced from (1), when put under the form 

p +f(x,y) = 0, 
that is to say, the value 

P' = —/(*. if )» 

the expression for u, (l 7 ), will be identically 0, that is, independently 
of any relation between x and t/. As, therefore, (!') fixes no relation 
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between x and y, we may differentiate this equation as if they were 
independent, taking care to observe that 9 is a function of x, y and 
p', and thatp' = — /(#, y) ; hence, differentiating with respect to a?, 
we have 

du du dp du dp dp' ___ 
dx dq> dx d(p dp dx 

and with respect to y, 



du + du d^ _du d^ dp^ = 
dy ^ dtp dy d? dp' dy 



From these two equations we get 



dp* _ du , du d<p ^ du dq> 
dx dx dtp dx dq> dp ' 

dp' ,du , du dm du dp 



v rfy dy dp dy ' dp dp'" 

Now, in the case of a singular solution, we must have 

^ u — n 
dp 

for then the value (p of c is determined conformably to the condition 

du 

and consequently the two foregoing equations become 

dp' dp' 

dc at/ 

dp dv 

•'■dj =z0, ¥ =0 ' 

hence, if p' be eliminated by means of either of these and the proposed 
differential equation, the result will be a singular solution, if it be a 
solution at all, that is, if it satisfy the proposed equation. 

The preceding conditions lead to another for the determination of 
p\ sometimes of more convenient application than these. Thus the 
proposed differential equation being 

we have, by differentiating it* 

29 
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, d\J dU dU dy dU dp dp' dy __ 

* dx * dr - 1 " dy da: + dp ' { dx + dy dx* ~~ 



dU .dU . dU dy A)' dp dy 



= - (-JT + 



dp dx dy dx dx dy dx 

But, by the foregoing conditions, this divisor is co ; hence 

which equation will give the values of p', necessary to fulfil the con- 
ditions above. It must be remarked that throughout this article, « 
has been considered as a function of both x and y, x being the inde- 
pendent variable ; but the singular solution « = may contain only 
x, which cannot, of course, satisfy the proposed, but by considering 
y as the independent variable ; hence for such solutions as these, we 

dx 
must, in the foregoing condition, consider p' = — . l ' 

(101.) The connexion between the complete primitive and the 
singular solutionis susceptible of geometrical illustration. For the 
complete primitive represents always a family of curves, c being the 
variable parameter, and we know {Diff. Cole. p. 147,) that the enve- 
lope of this family is analytically represented by the equation which 
arises from eliminating c by means of the complete primitive, and its 
differential with respect to c. But we have seen that the singular 
solution is given by the same elimination : hence the singular solution 
is the equation of the curve which envelopes the family represented 
by the complete primitive. As in Clairaut's form, the complete 
primitive is the equation of a family of straight lines, it follows that if 
this form ought to belong to a curve, the equation of that curve must 
be the singular solution. 

(102.) We shall now add a few examples of the determination of 
singular solutions. 



EXAMPLES. 

1. Given the equation 

U = {x + y)p—xp«—(a + y) = 
to determine the singular solution 
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dV 



Substituting this in U = 0, it becomes 

(* + y)* (* + y) 



2x 4x 

or 



— (a+i/) = 



x — y — 2 y/ax = 0. 

If this satisfies the proposed, it is the singular solution. In order to 
ascertain this, substitute in the proposed 

y = x — 2 y/ax 

a 

p = 1 — "T 1 ^ 
r V ax 

and we find the first member become 

— a (y/ax — a 2 ) — 

2(x-Vax)(l-^—)-± - '—(a+x-2y/ ax)=0 

or 

2 (a? — y/ax) — 2 (y/ax — a) — x + 2 y/ax—a — a — ar+2\/a#=0, 

where it is obvious that the terms destroy each other ; hence the 
above is the singular solution. 

2. Given the equation 

yp* + 2p*x — y = 

to determine the general and singular solution. 

By solving the equation for p' 9 we have found (p. 214, art. 98,) the 
complete integral to be 

f _ 2cx — c 2 = 0, 
and, differentiating with respect to c, we have 

x + c = .•. c = — x, 
and this, substituted in the primitive, furnishes the singular solution 

yfl + J = o. 

3. Given the equation 

U = x 2 + 2xyp' + (o a — x 2 ) p' 2 = 
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to determine the singular solution 

^- = 2xy + 2 (o a — x*) p' = 0; 

to eliminate p by means of these equations, multiply the latter by p 
and subtract it from the former, and we have 

and this substituted in the proposed, gives 

a> + 2f — a a = 0, 

an equation which satisfies the proposed, and which is therefore the 
singular solution. 

4. Given the equation 

U = (x* — 2tf) p" — 4xyp' — x* = 
to determine the singular solution 

Eliminating p by means of these equations there results 

a* (* + 2tf) = 0, 

which is satisfied by either 

x* = or x 2 + 2f = 0, 

but only the latter satisfies the proposed equation : this, therefore, is 
the singular solution. 

5. Given the equation 

xdy — ydx = dx Vx 2 + y a 
to determine the singular solution 

x* = — f. 

6. Given the equation 



ydx — xdy = x Vdx 2 + dy* 
to prove that there is no singular solution. 

7. Given the general solution or complete primitive 
y = x+(c — iy(c — x)* 
to prove that the only singular solution is that corresponding to c = 
i (* + 1). 
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(103.) We shall conclude the present chapter with one or two 
geometrical problems which conduct to singular solutions. 



PROBLEM I. 

To find a curve such that the perpendiculars drawn from a given 
point upon its tangents may be all of the same constant length. 

Let (x, y) represent in general any point in the required curve, then 
the equation of the tangent through it will be {Diff. Calc. p. 113,) 

Y ~ y = % (X-a?) or Y = ^ + y-p' x > 

and supposing the given point to be the origin, the perpendicular from 
it on this line will be expressed by (Anal. Geom.) 

y—pz 

a = — — , 
Vp ' a + 1 

which being constant we have 



y = p'x + a y/p* + 1 

for the differential equation of the required curve. 
The complete integral of this equation is (p. 223,) 



y^cx + ay/1 + c 2 .... (1), 

which represents a family of straight lines, and the general expression 
for the perpendicular from the origin on any one of them is 

y — ex 

which is equal to a, the constant length. 
Now the singular solution of the proposed is 

tf+x* = a*....(2), 

which represents a circle, and since the radius is a it is plain that it 
touches all the straight lines whose perpendicular distance from the 
centre is a; hence, agreeably to (101), the singular solution (2) 
touches and envelopes all the particular solutions comprised in (1). 
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PROBLEM II. 

To find a curve such that the product of the two perpendiculars 
drawn from two given points on any tangent may be constant. 

Let the axis of x pass through the given points and take the origin 
at the middle point between them, so that the abscissas of the points 
will be a and — a. Then the expression for the perpendicular from 
the point (a, 0) on the line 

Y =p'X + y— p'x 
is (Anal. Geom.) 

— p' a — (y — px) = _ y + v 1 (« — *) 

and from the point ( — a, 0) on the same line 

_ y — P (a + x ) 

VTTJ 2 

The product of these two expressions is to be constant, 
this equation solved for y gives 



y =p'x ± sf 6 a + m 2 /)' a , 

m 2 being put for a a + ^ This equation being of Clairaut's form, we 
have for the complete primitive 

y = ex db V b* + m 2 c 2 , 

which represents a system of straight lines. The singular solution, 
or the equation of the curve to which these are tangents, is 

m a y 2 + b 2 x 2 = m 2 b 2 . 

The curve sought is therefore an ellipse. 

PROBLEM III. 

To find a curve such that the normal may have a constant ratio to 
the part of the axis intercepted between it and the origin. 
The curve may be either a circle or a parabola.* 

* For a more comprehensive view of the theory of Singular Solutions the stu- 
dent is referred to the Calcul des FonctUms, where Lagrange has devoted upwards 
of 100 pages to this subject. 
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CHAPTER VI. 

ON THE INTEGRATION OF DIFFERENTIAL EQUA- 
TIONS OF THE SECOND AND HIGHER ORDERS. 

(104.) The most general form of a differential equation of the se- 
cond order is 

■•»<**£&) = 0....<A). 

which, however, comprehends a great variety of cases that are not 
integrable by any general process. Under certain conditions the 
integration is always possible, or may at least be reduced to the inte- 
gration of an inferior order : as for example when the function does 

dtt d 11 
not contain all four of the quantities x, t/, --^, .— i-,aJso when the equa- 

dx dar 

tion is homogeneous with respect to the variables and the differentials, 
and in one or two other cases. It may be remarked here that in in- 
tegrating equations of the higher orders we have not the option of 
making which we choose the independent variable, as in equations of 
the first order, without altogether altering the form of the equation, 
for by changing the independent variable the second differential co- 
efficient will be supplied by a function of more complicated form, 
although such a change sometimes facilitates integration. 

Let us now examine those cases of the general differential equation 
of the second order which are integrable by general process, and first 
those into which all four of the quantities within the parentheses do 
not enter. We shall thus have five classes of equations, viz. three 
containing but two of these quantities or of the forms 

and two into which three of the quantities enter ; their forms being 

F ( *' e* d^ } ~ °' F (y ' 3? a?*- 
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I. 

To integrate the form 

» <>. 3> = »■ 

Solve this equation for -rjr and we shall have 

-7-1 = /* .-. d 1 ^ =/f(W - TLdx* 

•\ y =J*Zdx* = X, + C. * = C, 

where X, represents the second integral of Xdx 2 without the arbi- 
trary constants, (see page 86.) 

Suppose for example, 

d 2 1/ „ _ c 

•-— = oaf ••• dry = ax* dor. 
oar 

Now 

. ., aa** 1 r aaf+ l dx oaf* 4 

'^^"rFi^T+T 3 (»+i)(» +2)' 

(the constants being omitted ; hence 

„ = ^ + C x + C. 

y (» + 1) (n + 2) T ' T 

II. 

To integrate the form 

Solving the equation for -7-^ we have 

<p y _ Y ... rf y *** y - p * fo' - y dy T 

dV " * da? " da? 8 " da: da?' 

and multiplying by efcr and integrating we have 

ip"=fYdy = Y+C 






< > J -, 
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d^ d y _ r d y 

•"• di ~ ^ 2F + 2C ••• dx - ^2F + 2C '*' * ~'«' ^2Y' + 2C 
As an example let 

be given to determine the primitive 

" a dx* —y- a P dx V dx' 

and multiplying by dx and integrating, 



dy -/C—f 
.: dx = 7= — Z— ... x = o sin. -1 -2- + C 

m. 

To integrate the form 

P( 5?SF )_0, 

Solving the equation for -?~ as in the preceding cases we have 

did' 

d P' — r > j _ d P' 
— =fp.:dx- w 

•••*=/ -^ and tf =/p' Ar =/^ j 

hence, if />' be eliminated by means of these two equations, the 
result will be the required relation between x and y. 

Let the equation be 

.•. da? s=s •-_ ... * = l _ + c 

(1 + p«)* (1 + p*)* 

an 






r 
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ap dp' a 
dy = r 3 .'. y = 7 + C . 

(1+P') f 0+P*)* 

The elimination of p' by means of these equations leads to 

(C - xf + (C - yf = a\ 

This process is obviously the solution of the following problem, 
viz. To determine the curve whose radius of curvature is constant, 
for the proposed equation expresses the condition r = a, 

IV. 

To integrate the form 

Vfy . dy d^y 

Putting -j- for its equal -7-^ the form becomes 

which is an equation of the first order between x and p\ and of which 
the integral must be sought for among the methods explained in 
Chapter IV. Supposing this integral to be found and to be 

y>, P ',c) = o (1), 

C being the arbitrary constant, then the remainder of the process will 
depend upon the nature of this equation. 

1st. Suppose we can solve it with respect to p\ then we may put 
it under the form 

p' = X .*. dy = Xdx .•. y =fXdx, 

which is the relation between x and y. 

2d. Suppose we can solve the equation (1) with respect to a?, then 
putting P for the resulting function of p\ we shall have 

x = P ••. xdp f = Pdp'. 
But by integrating by parts the second member of the equation 

dy — p' dx 

we have 

y = p' x — f xdp .-. y = p' x — fYdp' .... (2) ; 
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hence if we eliminate p' by means of the equations (1), (2), we shall 
obtain the sought relation between x and y. 

3d. Lastly, if the equation (1) cannot be readily solved for either 
x or p\ then, in order to effect the solution, we must endeavour to 
integrate (1) by some of the methods taught in chapters IIL'or IV. 

Let the equation be 

f? ^1 = (i + d £\$ 



this reduces to 



2x dx 2 dx 2 * 



2x[\ + p' 2 ) 2 dx = a 2 dp' 

. . 4XCLX ~~ ~ ————— 



+ P' 3 ) 1 



and integrating this we have 

(1 + prf 

This, solved for p' gives 

x 2 + C 

r Va* + (x 2 + C) 2 
therefore, multiplying by dx, and integrating 

(x 2 + C) dx 



y 



-/ 



Again, let the proposed equation be 

dif dy (Py __ d?y J dy 2 

l + ^ + X di'^~ a ~d? Vl+ -d?' 

dp' d 2 y 
Putting -—■ for -r-|, the equation reduces to 
dx cbx^ 

, dp' _ df 



l+ p' 3 + x p'^ = a -^ ^i+i» a . 



or 



(1 + p' 2 ) dx + xp' dp' = a (1 + j>' J )* dp', 
that is, dividing by (1 + p' 2 ), we have the form 

dx + Fxdp' = F'dp, 
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which is a linear equation, the values of P, P' being 



P=,-4-^ P' = 



Integrating this by the formula at (87), we have 

_ ap' + C 

Having thus got x, we have from the expression (2), above, viz. 

y =p' x —fxdp', 
the value 



y=p'x— a VI + p' 2 — Clog. \p'+Vl + p' 2 \ + C log. C, 

_ c p'- a p' + yTTp* 

"" vT+J* — c lo 3- c; 

It remains, therefore, to eliminate p f by means of these expressions 
for x and y ; the result of this elimination will be found to be 

y = \/ a a + C 3 — a 3 — C log. ■ * ° , 

* * C (C— </a*+C a — a 3 

which is the required relation between x and y. 
Lastly, let the proposed equation be 

which, by making the usual substitution of -J— for -j-2 and then 

multiplying by dx, to prepare it for integration, becomes 

2(a 2 p' 2 + x 2 ) dp' = xp'dx. 

This is a homogeneous equation, and the separation of the variables 
is effected by substituting p'z for x ; whence 

dp' zdz 

~pT ~ 2a? + z> 



.-. log. p' = log. C \/2o a + z 2 .-. p = C >/2o a + a 8 



.-. ar = p'z = Cs V2o2 + -g 3 . . . . (i). 
To obtain the expression for y in terms of* we need only put in the 
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equation y =//>'(&, the above value for//, and the differential of the 
last for dx ; the result will be 

y = ? C a z (3o a + 2?) + C, . . . • (2). 
o 

The elimination of zby means of the equations (1), (2) will furnish 

the sought relation between x and y. Or, instead of proceeding in 

x 
this manner, we may, after substituting — t for s, in the equation 



p' = (V2a a + s 2 , 
solve the result, viz. the equation 



p* — C /, 2a a p' 2 + tf 2 or p' 4 — 2Ca 3 p* = Cx> 

dy 
forp', we shall thus have ~ in terms of or, and thence the equation 

between x and y. 



V. 

To integrate the form 

Putting as before, -£^ for its equal -~, the form is 



but, because 



F(*P'^)=0, 



dy = p'dx .•• dx = ™ .-. JL =£_JL ; 

p ax dy 



tin* 

hence, by substituting this expression for -/-, in the above form, we 

dx 

have an equation of the first order among the variables p', y 9 and their 

differentials, with which we may proceed as in the former case. 

Thus, suppose we had the equation 
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i 

then, putting -j- for -7^, we have 

(a + yp') -J = (1 + /»*) p', 

and putting p ~— for -~ % and multiplying by —^ there results 

(a + jp') dp' = (1 + p*) dy 
... dy —Pydp' = P'dp', 
a linear equation, in which 

P- P' p>- a ■ 

l+p' a ' 1+p*' 

hence (87) 

y = op' + C ^1+^ .... (1), 
and therefore 



P P y/l+p' 2 

consequently 

x = a log. p + C log. C, (p + VI + p*). (Ex. 7, p. 31). 

= log. \p' a (C, p' + C, VlTp 5 )^ (2) ; 

hence, eliminating p' by means of (1) and (2), the result will be the 
relation between x and y. 

( 1 05. ) Besides the foregoing, there are a few other particular cases 
of the general form (A) that admit of integration, or rather of reduc- 
tion to forms of the first order ; the processes, however, are not only 
very indirect and embarrassing, but so exceedingly limited in their 
application, that we shall not hesitate to omit them in this elementary 
treatise, merely noticing one more case. 

And, first, we shall observe, that if we agree to call the coefficient 

-=^ of dimensions, and the coefficient -r4-of — 1 dimensions, then 
ax dor 

when, according to this hypothesis, the differential equation of the se- 
cond order is homogeneous, it may always be reduced to one of the 
first order by assuming 

y = vx and -^ — - . . . . (1). 
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For, let, according to this hypothesis, n be the degree of homogeneity, 
then it is plain that -^ must be multiplied by a factor of n + 1 di- 
mensions, and as wherever y is, it is to be replaced by t>#, it follows 
that x must enter this factor in n + 1 dimensions. It is equally plain 

dy 
that of* will be a factor of—- ; hence, as the other terms rise to the 

ax 

same dimensions, the proposed equation after the substitutions (1) 

must be divisible by z", and the equation will thus be reduced to a 

function oft?, z, p', without x. 

Let it be 

/>»*,?') = <> .... (2), 
then since, by hypothesis, 

/ ? » , da? dv 

dy or par = vdx + xdv .•. — = — .... (3), 

x p — v 

but 

, , d?v _ zdx dx dp 

dp or -j^ dx = .•. — = Jl . . . . (4) 

1 dx 2 x x z 

• dj> ' - dv (5^ 

• . " _— , .... i*j i. 

z p — i? 

Putting in this last equation for z its value in terms of v, p', as dedu- 
ced from (2), and the result will obviously be an equation of the first 
order between v and p', from which p' being determined, and its va- 
lue in terms oft? substituted in (4), we shall have, by integrating, 

log. x = 4/1? ; 

hence, finally, eliminating v by means of this equation, and the first 
of (1), above, the result will be the required relation between x and y. 
As an example of this process, let us take the equation 

x d?l_dy = ^ 

dx 2 dx 

then the substitutions (1) reduce it to 

z — p' = .•. z = p', 
and this value of z is to be substituted in equation (5), 

— .•. (p' — v) dp' = p' dx, 



p p — v 
that is, 

pdp = vdp' + p'dvy 
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each side being an exact differential, we have 

we are now to determine />' from this, and substitute its value in 
equation (4), but because, in the present example, z = p', it will be 
easier, and amount to the same thing, to determine p from the equa- 
tion 

dx dp dp' 

x dz p 
for we at once get 

this value, substituted in the above integral, gives 

x 2 = 2Cxv + C , 
but 

y 

y = vx ••. v = - 

J x 

.•• x 2 = 2Cy + C,. 

(106.) As to equations of a higher order than the second, the ge- 
neral methods of integration are still more limited than those which 
apply to equations of the second order. There are, however, two 
classes of equations of the nth order, which may be reduced to the 
forms of the first and second order, already integrated. 

These forms are 



and 



,, ,d n v dMtr 



F ^l?> = --'--< 2 >- 



For the first of these let 

dT- Y y __ dry __ du 

hence, by substitution, equation (1) becomes 

„ du 



tbb nrraoBAA calculus; Ml 

which is an equation of the first order between u and *; hence, by 
integrating this, we obtain u in terms of or, that is, 

dxT~ l 

and the integration may be effected by (53). 
In order to integrate the form (2), put : 



dr~hj __ d?y __ 



(Pu 



d*r* dir d*> ' 

hence, by substitution, the equation (2) becomes 

F( s? ,«)=0. 

a form of the second order which we have shown how to integrate at 
page 232. Deducing, therefore, the value of w, we have 

It will, however, be sometimes convenient to obtain x and dx in terms 

oft*', as well as u in terms of x, as above, because we can readily 

descend from a coefficient of any order u' to that of the preceding or- 

dy . 
der f , and so on, till we obtain an expression for p' or -p- in terms of 

«', in which we may then substitute for «' its value in terms of a?, mul- 
tiply by dx, and integrate. 

The following are examples of the foregoing forms : 

(107.) 1. Given the differential equation 

d*y d?y _ 1 
dx* * eta 3 

to determine the complete primitive. 
Assume 

da? dx dx 4 
so that the proposed is the same as 

r -7- = 1 .'. dx = r*dr' .% x = - r' a + C ••. r' = >/ 2 (* — C) f 
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as we have determined dx in terms of r', we shall be able to deduce 
the preceding coefficient q' in terms of r' for 

'3 

dq = rdx = r 2 dr .:q =*-- + C t 

o 

.-. dp' = ,'d* = | y + 0,1 r'dr .-. p' = J^ +^ + C, 

-^ r ii T >2 



which is the complete primitive, r' being equal to \/2 (a? — C). 
2. Given 

dx 4 dx* 

to determine the complete primitive. 
Assume 

9 dor* '"' d* 8 5F* 
so that the proposed is the same as 

<*Y _ , 

from which we get, by integration (p. 232,) 

dq' 

whence 



f q' + Vq^+C* 
x = log, g .... (1), 

having determined x and da? in terms of q we may obtain p' in terms 
of q\ thus : 

9<fr 

dp' = q'dx = ^^r+cs .-. p' = vV+c + C 2 



.-. dy = p'dx = V q" + C* dx + C, dx = dq' + C a dx 
••• y = g' + Cj * + C, . . . . (2) ; 
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hence we have to eliminate q by means of (1) and (2) ; for this pur- 
pose put (1) under the form 

• €' C -_2o'C *- <F • , C^-C' ,,C ie » CV-1 
..^e —2qL i e'-L..q ^ 2 W 

therefore, substituting this in (2), we have, for the complete primi- 
tive, the form 

y = ce* + c t e~* + c 2 a: + c 3 . 

We shall now pass to the consideration of linear equations. 

Linear Equations of the Higher Orders. 

( 1 08.) The general form of a linear differential equation of the nth 
order is 

^4-A^ + ....+M| + N y + X = 0....(A), 

A, B, &c. being either functions of a: without y, or else constant. 

In order to determine the method of integrating this class of equa- 
tions let us examine a particular case. We shall ehoose the equation 
of the third order of the form 

where x is absent, and in which A, B, C are constants. 

Now if we can rind a value of y in terms of a*, and involving but 
one arbitrary constant that will satisfy this equation, we know that 
such an equation between y and x will be a particular case of the com- 
plete primitive. The peculiar form of the proposed equation has 
enabled analysts to discover a priori such a particular case of the 
primitive, and thence the complete primitive itself. For, from the 
principles of differentiation, we know that the several differential co- 
efficients derived from an exponential function ce" 1 * all involve this 
same function, thus : 

y = cd"*, -I = mce 1 "*, -£- = ntce™, -£- = m 3 ce w », &c. 
ax air axr 

hence, if this function be put for y, in the proposed equation, all the 
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terms will become divisible by e™*, and the result will be merely an 
algebraical equation of the third degree in m. But this equation will 
fix certain values for ro, so that, by putting these successively for m 
in the equation y = ce" 1 *, c being a constant, we must have necessa- 
rily so many particular values oft/ which will satisfy the proposed, 
that is, so many particular cases of the complete primitive. Let us 
then substitute in the proposed equation 

y = ce™*, 

which becomes, in consequence, 

ro 3 ce" 1 * + Am a ce™ + Bmce" 1 * + Cce"* = 

.-. m 3 + Am 2 + Bro + C = . . . . (1). 

Let the three roots of this equation be m l9 m*, and 1113, then for y we 
have the three values 

y t = c, eV, y* = c a e m 2 *> y z = c 3 e m 3 * .... (2), 
each of which equations necessarily satisfy the proposed. These, 
therefore, are particular cases of the complete primitive. 

As the complete integral must furnish each of these by giving par- 
ticular values to each of the three arbitrary constants which enter it, 
this complete integral must be 

y = c l «V + c 2 «V + c d eV • • • • (3). 
For put successively for y, in the proposed, the values (2), the sum 
of the results will be 



c v m* eV 


+ A 


c 2 nh 3 e m 2 * 




C 3 fl»3 3 «V 







+ B 


c i m>i e m i* 


+ c 


c 2 n%2 e m 2* 




c 2 m 2 e 2 




c, wig 2 «V 




c$ 1H3 e 3 





Co c 2 



= 0, 



Co e 



»» * 



3 " 3 



that is (3) 
<Py 



+ A 



*» 



+ 



B 



dy 



+ Cy = 0. 



(fcr 3 ' da? 5 * do? 

It is necessary to remark that if any of the roots ro^ m* 1%, be equal 
as, for instance, m, = w^ then (3) will be 

which will not be the complete primitive of the proposed, but only a 
particular integral, since only two arbitrary constants enter. But 
when this happens, then it may be shown that not only is y = e x e^ ar, 
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a particular integral of the proposed, but also y = c x are"*,*, for differ- 
entiating this, we have 

-£ = c t wi! xe m x * + c { e m l % -^ = c v m t 2 xe m x * + 2c x m l c" 1 / 

Substituting these values in the proposed, we have 

Cl *eV K 3 + Aw i 2 + Bw i + C ) + 

c x eV ( 3w »i a + 2Awl i + B) = . . . . (4). 

Now by hypothesis the equation ( 1 ) has two equal roots, and it is 

shown by all writers on the theory of equations that the limiting 

equation to this, viz. 

3m a + 2Am + B = 

has also a root equal to one of these (See Bridge's Theory of Equa- 
tions p. 67.) Hence both the terms of (4) vanish, so that the ex- 
pression (4) is = 0, that is, the value y = c x xe™ ,* satisfies the pro- 
posed equation, and therefore the complete primitive is 

y •= *i c m i* + c* *«V + c 9 C V- 
If all three roots were equal, then it might be shown, in the same 
manner, that the complete primitive would be 

y = c l e m l *+c 2 xe m 1 '+ c 3 x a eV. 

Let us now consider the linear equation 

&+^+ B !+ c »+* =o. ...,„,, 

A, B, C being constants and X a function of x. 
Suppose 

y = Ciyi + C 2 t/ 2 + C 3 y 3 .... (1), 

then we know, from what has preceded, that if X were absent from 

the proposed, that this would be the complete integral of (B) t/,, t/ a , 

y z being put for e m ,*, *%*, e m 3 * and C,, C a , C 3 being constants. 

But C , , C a , C 3 may be functions of ar, and yet of such a nature as to 

. dy cPy cPv 

have no more effect upon the values of -A -7^-, -7^-, than if they were 

constant ; for it is only necessary that they be subject to the follow- 
ing three conditions, viz. 
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for then 



1. dC, , dC, . dC, „ 



da? dx 2 do? 3 dx, 



the same as if the coefficients were constant. 



for then 



2. dC { dy l dC a dy 2 dC 3 dy 3 _ 
d^ dx- 3 ■*" dr» 



^~ Cl d? + 02 d*7 + ° 3 d?' 



the same as for constant coefficients. 
Now if, as a third condition, we suppose 

3. dC, dfy + dCgd 3 ^ dC 3 o?y a + x = Q 
dx 3 dr* cfo 3 

we shall then have 

d?"" Ll d^ + C2 d^ +C3 -dr^ + X# 

Consequently, if we determine C It C.,, C 3 from these three condi- 
tions, (1) will be the complete primitive of the equation (B). 

Such is the theory of Linear differential equations ; but for further 
particulars, and more ample details on this as well as on various other 
classes of differential equations, which have at different times exerci- 
sed the powers of analysts, the student must consult works of higher 
pretensions than the present volume, as JephsorCs Fluxional Calculus, 
vol. 2, or the Calcul Integral of Gamier; but the Complete Treatise 
of Lacroix, in three large quarto volumes, furnishes the most exten- 
sive view of the labours of analysts in this department of science that 
has yet appeared. 

Determination of Integrals by Approximation. 

( 109. ) The integration of equations of two variables consists in the 
determination of the general relation between x and y ; this determi- 
nation, however, is, as we have before remarked, not always practi- 
cable in finite terms, and in such cases we must content ourselves 
with an approximation to this relation. The object in view, in the 
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method of approximation, is to determine an expression for one of 
the variables in a series of ascending or of descending powers of the 
other, so that, for a proposed numerical value of the one, we may ap- 
proach to any degree of nearness the corresponding numerical va- 
lue of the other. An example or two will show how these approxi- 
mations are to be effected. 



EXAMPLES. 

1. Given the equation 

■ 

dx 



(i + i>i = i 



to determine y in terms of x. 
Assume 

y = Ax* + Bx* + (V + &c, 

where both the exponents and coefficients are indeterminate. By 
differentiating, 

^ = AaaT- 1 + Bbx^ 1 + Ccaf le + &c. ; 

dni 
hence, by substituting these values oft/ and -j- in the proposed equa- 
tion, it becomes 

(1+Aaa*- 1 + Bbx*- 1 + Cca-H- &c.) ( Ax 9 + Bx> + Caf + &c.)=l, 
that is, by actually performing the multiplication here indicated 

A 2 ax 7a - 1 + ABax*»~ l + ACox**- 1 + &c. 

— 1 + AB6a^- 1 + B a bx*- 1 + &c. f _ n 
+ Ax* + ACcaf**- 1 + &c. V "~ U ' 

+ B 2 * 6 +&c. 

We have now so to fix the values of the indeterminate quantities 
that this equation may hold independently of x, that is, so that the 
first member may be identically ; and it is plain that this will be 
done, provided we can first assume a, 6, c, &c. of such values that 
the exponents may all be equal and can then assume A, B, C, &c, 
so that the coefficients may mutually destroy each other. 

The first object will be accomplished by the conditions 

2o — 1 = 0, a + 6 — 1 = a, a + c — 1=6, 
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which give 

- l i -i 8 

and for the second we must obviously have the conditions 1 

A* a = 1, AB (a + b) + A = 0, &c. 
which fix for A, B, C, &c. the values 

A = V 2, B = — | C = ^, &c. 

consequently the required development is 

- i 2 a \/2 a 
y = >/2 a* — ^ a?* + -jg- ar* — &c. 

It should be remarked that the integral thus determined is not the 
complete primitive of the proposed, because no arbitrary constant has 
been introduced. The determination of the arbitrary constant re- 
quires that we know the value oft/ for some given value of a? ; sup- 
pose then that when x = a, y = b, then the form of the development 
must be 

y = b + A {x — a) a + B (x — a)@ + &c (I), 

and in the present example it is, therefore, 

±2 2. V2 A 

y = 6 + V2(x — ay — g (x^-a)* + jg (x — a) f — &c 

in which integration the arbitrary constant is involved in a, 6. The 
complete integral is not, however, always so readily determinable ; 
the usual process is to substitute in the proposed differential equation 
a + t for x and 6 + u for y, and then to develope « in a series of 
powers of U so that when t is made = 0, u may become 0, for then 
when the values off and u are restored, by the substitution of a? — a 
for t and y — 6 for te, we shall have y = b when a? = a as we ought; 
or we may at once assume the development of the form (1), and then 
determine the exponents and coefficients as above. 

2. Given the equation 

du 

-— + y + mx* = 

ax 

to determine the complete integral in a series. 

Putting a + t for r, and assuming the development (1), we have 
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y = b + At a + Bt p + &c. 
.-. J = Aat"* + B/8I*" 1 + Cyt r ^ + &c. 

substituting these values in the proposed, we have, since § = |, 

Art" -1 + BjS/"' + Cy< y "" 1 .... + &c. + 

6 + At" +Bt . . . . + &c. +' 

n 1 

maT + mna"~ l t + mn — - — rf 1-3 f + &c. = 0. 

Now to render the exponents the same in the several vertical rows, 
we must have the conditions 

a = 1, /3 = 2, y = 3, &c. ; 
hence 

r _ mo" — mat?- 1 + win (n — 1) a"" 8 + 6 

TT2T3 

&c. &c. 

therefore the exponents and coefficients of the assumed series are 
determined. 

3. Given the equation 

dx* 

to find y in a series. 
Assume 

y = Ax a -f Bx + CxY + kc. 

•'• ■£ = Aoo? " 1 + BjB*** + Cyx*- 1 + &c. 

'*• sl = Aa ( a - 1 )* a " fl + B0(0--l)/" a +C y ( y --.l)a ? y - , 
Hence* by substitution, the proposed becomes 

Aa(a — l)jr"*+B/3(/3— l)/~*+C y ( y -- lJaT'V&c. ) 

+mA*^+mB* 5+n +mC4r y+n +&c.f * 



+ ma^y = 
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To render the exponents the same in the several columns we may 
suppose n = — 2, but this would confine the investigation to a par- 
ticular case of the proposed example. If, however, we first make the 

term Aa (a — 1) x vanish by means of the requisite value of a, 
that is by making either 

a = 0, or a = I, 
the above equation will become on the first hypothesis, or a = 0, 



B/3G8 — 1)/ 2 + Cy(y— l)/~~ 2 
+ roAz» -f roB/ + * 



+ &c.j 



consequently, by equalling the exponents, 

£_2 = n,7 — 2 = j3 + n,£ — 2=y + ft» &c. 
... £ = n + 2,7 = 2» + 4, $ = 3» + 6, &c. 
and equalling the coefficients of the like terms, we get 

« _ Am Am « 

hence, putting for /3, /, &c. their values just determined and substi- 
tuting in the assumed series these expressions for the coefficients, 
we have 

« = Ail at* 2 + 

y * (» + 1) (» + 2) T 



m a 



*»«— &c.g 



(n + 1) (» + 2) (2n + 3J (2n + 4) 

A being entirely arbitrary. 

If we take the second hypothesis, viz. a = 1, we shall obtain 
another expression for y involving an arbitrary constant A, or, for dif- 
ference sake, A' ; this expression will be 

v = A' 51 ™ **** + • 

y * (» + 2j(»+3) ^ 



TO 3 



X*** 4 — &c.\ 



(n + 2) (n + 3) (2n + 4) (2n + 5) 

the sum of these two particular integrals will be the complete integral 
of the proposed, involving the two arbitrary constants A, A', and, by 
making first one of these and then the other, we have the two par- 
ticular integrals above deduced. 
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For other methods of approximation the student may consult the 
works referred to at the close of last article. 



Integration of Simultaneous Equations, 

(110.) We shall conclude the present chapter with a few general 
examples of the integration of simultaneous equations, as they often 
present themselves in the higher problems of Dynamics. 

1. Let it be proposed to integrate the system of equations 

which are the most general forms of the first degree between x and y 

dv dx 
and the differential coefficients -^-, — ; and in which M, N, P, &c. 

at at 

are functions of the independent variable /. We may write these 

equations thus : 

(My + Nr) dt + Vdy + Qdx = T dt 

(Wy + N'tf) dt + Ydy + Q'd* = Tdt, 

and if we multiply the second by an indeterminate function & of t, and 
add the product to the first, we shall have 

f(M + m)y + (N + N'A) x\ dt + (P + P'd) dy+ (Q+ Q'd) 

dx = (T + T6)dt; 
that is, putting for brevity 

M -f M'd = M„ N + m = N„ P + P'd = P„ 

Q 4- Q'd = Q„ T + T'd = T lf 

we have the equation 

Mtfctt + N x xdt + F v dy + Qidx = T,dt t 

or, which is the same thing, 

Mi (y + §r* } dt + Pi(d2/ + t 1 "^ = TidL 

Now it is obvious that this equation would agree with the linear 
equation of the first order, (art. 87,) provided that we had the con- 
dition 
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because then by putting 

N 

y + jjj 1 - * = * • • • • (2), 

the equation becomes, in virtue of the supposed condition (1), 

M l zdt + V t dz = T l <tt, 
or 

TVT T 
& + J^L *|f = _iL df, (3), 

from which equation we know how to obtain z in terms of f, and 
thence the relation among the variables x, y, and U 

Now to satisfy the condition (1) it is obviously sufficient that we 
have 

that is, t being the independent variable, 

d^- 
N, dx _M L= Qi_ <k 

M L cfc +a? d* Pi dt 

dx 

and as 3- is indeterminate, the coefficients of this term must be equal, 
dt 

therefore the above condition implies the two 

N, _ Q, d M, _ n 

If then in these equations we substitute the foregoing values of M lf 
N„ Pi, Qi, and after having performed the differentiation we elimi- 
nate 4, which enters in these equations, the result will be the relation 
which must subsist among the coefficients of the proposed equations, 
in order that the integration may depend upon a linear differential 
equation of the first order. The solution of this linear equation will 
give z in terms of t, from which we may get y in terms of x and i, and 
this value of y, substituted in one of the given equations, will furnish 
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a differential equation between x and t, which being integrated we 
shall finally obtain the values of or and y in terms off. 

When the coefficients M, N, P, &c. in the first members of the 
proposed equations are all constant, the second condition (4) is ne- 
cessarily satisfied, when 4 is constant, and we shall then have only to 
determine the arbitrary factor 0, so that the other condition may have 
place. This first condition, by restoring the values of M w N w Pi» 
Qi» is 

N + m _ Q + Q s 

M + M'd P + P ' 
which, by reducing to a common denominator, furnishes a quadratic 
equation in &. Let its roots be d' and d", and the corresponding 
values of the coefficients of (3), m and n in the first case, and m' and 
n' in the second, then the equation (3) gives the two 

dz-\-mzdt = ndt 

dz + mzdt = ridt, 

and these integrated by the formula at page 183 furnish the two equa- 
tions 

* = t- fmdt \fne^ ndt dt\ 

hence, putting in these the value of z (2), we shall have two equa- 
tions in ar, y, and /, from which both x and y may be obtained in terms 
of/. 

2. Let it now be required to integrate the system 

«fy+(Mjf + N*+P*)cft = T dt 
dx+ (M'jf + Kx+ V'z)dt = T'dt 

dz + {Wy + N"* + P"*) dt = T'dt 

in which all the coefficients are constant except T, T', T", which are 
functions of the independent variable i. 

Multiplying the second by a constant C, and the third by another 
constant C, and adding the products to the first, we shall have an 
equation of the form 

dy + Cdx +'C'(fy + Q (y + Rx + 8z) dt = TJdt, 

which, as in the former case, will agree with a linear differential equa- 
tion, provided we have the condition 
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d (y + Rx + 8z) = dy + Cdx + Cdy 

which requires that •* 

C = R, C ' = S ; 

hence, as C and C are contained in R and S, these two equations 
will suffice to determine the different values of C, C, which will cause 
the required condition to exist ; or which will render the proposed 
equations integrable by means of linear equations of the first order. 

The above method applies to differential equations of the superior 
orders, because these may be reduced to equations of the first order. 
Thus, for example, if the equations were 

*y + (My + N^)^+ (Pdy + Q,dx)dt = TdP 

<Px + (Wy + N'ar) d? + (P'dy + Q'dx) dt = W 

we should be able to reduce them to four equations of the first order, 

viz. 

dy = p' dU dx = q'dt 

dp+(My + T$x + ?p'+Q,q')di = Tdt 

dq + {Wy + Kx + P'y/ + QY) dt = Tdt 

and to these four equations the preceding process may be applied. 
For particular examples of the integration of simultaneous differential 
equations, we must refer to Peacock's Collection of Examples. 



CHAPTER VII. 

ON THE INTEGRATION OF TOTAL DIFFERENTIAL 
EQUATIONS OF THREE VARIABLES. 

(110.) Let 

Vdx + Qdy + Rdz = .... (1) 

-foe a differential equation of three variables, of which the two x and y 
are entirely independent By putting 
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p R' 9 R ' ' • * (2) 

this equation becomes 

dz = pdx + qdy .... (3). 
If this is the total differential of z, immediately derivable from some 

primitive 

z = F {x, y) . . . . (4), 

then we know that we must have 

dz dz 

te = P'dy = *'-- {5) > 

and, moreover, that the second member of (3) must fulfil Euler's con- 
dition of integrability (78) : for although z may enter p and q as well 
as x and t/, yet as z is a function of x and y the second member of (3) 
is a differential expression of but two independent variables. The 
condition of integrability is, therefore, 



that is, 



Uy> ~ W 9 



dp , dp dz dq dq dz 

Ty + tedt-d-x + Tzte- 



By transposing we have, in virtue of (5), 

$-3 + ,J-,£-.....m. 

which expresses the condition of integrability. But to have this con- 
dition in terms of P, Q, R, instead of p and g, we have, by differen- 
tiating (2), 







R 


dP 


pf 




R 


dq 


— Q 


dR 






dp 




dy 


dy 


dq 




dx 


MC 


dx 






dy " 




R* 




dx 






R a 










R 


d* p 


dR 






R 


dq 


-Q 


dR 


dp 
/i - .- ■ 


_ Q 




dz 


dz 


dq 


P 




dz 


dz ' 


q dz 


R 




R a 


» 


P dz 


R 


m 




R a 





hence, by substituting these values in (6), the equation of condition 
reduces to 
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ay ay ax ax dz 

P-g =0....(7), 

and which equation must exist if the equation (4) exists ; that is, if 
there can exist an equation among the three variables x, y, z, in con- 
junction with (1). Consequently, if we take at hazard a differential 
equation 

Mcta + Ndy + Pdz = 0, 

then, without first ascertaining whether the condition (7) exists, we 
cannot affirm that one of the three variables is a function of the other 
two, considered as independent, or that this differential equation ne- 
cessarily implies the existence of some equation between x, y, z. For- 
merly, however, those differential equations which did not fulfil the 
condition (7) were considered to be meaningless, but Monge proved 
this supposition to be erroneous, and showed that although to such 
equations there corresponded no single primitive, yet they might be 
satisfied by a pair of primitive equations involving an arbitrary func- 
tion of the dependent variable z, their geometrical signification being 
an infinite variety of curves of double curvature : we shall advert to 
this presently. 

It must be remarked, that the existence of the condition (6) or (7) 
does not imply that the proposed (1) is an exact differential, although 
it does imply that (1) is integrable, for, otherwise, the second mem- 
ber of (3) could not be an exact differential, which it is by hypothe- 
sis ; but this second member, it is easy to see, remains unaltered by 
whatever factor we multiply (1), so that when we have ascertained 
that the condition (7) has place for any proposed differential, we must, 
in order to integrate it, determine the factor, which will render it 
exact 

Let us then suppose that the differential 

Mdx + Ndy + Vdz = . . . . (8), 

will become the immediate differential of some function of x % y, «, 
represented by U = 0, upon being multiplied by the factor y, then, 
for the total differential of U, we have 

dU = MXdb + NXcfy + PXcb = 0. 
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Now as % enters into the two first terms of this complete differential 
the same as if it were a constant, we shall obtain the integral U by 
integrating the equation 

MXcfe + NXe% = . . . . .(9), 

M and N being functions of the variables ar, y and of the constant *, 
provided we determine the arbitrary constant, which may obviously 
be a function of the constant s, so that the complete integral may be 
the same as U. Representing, then, the complete integral of (9) by 

U = V + <pz = 0, 

it will remain to determine <pz. For this purpose let us differentiate 
with respect to z, and we ought to have 

dU _ dV dg>z _ 
dz dz dz 

dz 

••• ♦» =/ ( px ~ -5-) *• 

and thus the function cpz becomes known. 

Since 92 contains neither of the variables ?, y, they must both be 
absent from 

PX--^- 

IT A. — — = , 

dz 

if, therefore, either of them were to enter this expression, we must 
infer that the factor X has not been properly chosen, for, although it 
render (9) integrable, it will not in this case render (8) so. 

It is obvious that the factor which renders (8) integrable, renders 
aot only (9) but also the two other partial equations 

MXrfar + PXefe = 

NXcfy + PXcfe = 0, 

integrable, the factor, therefore, must be chosen so as to fulfil these 
three conditions. 

(111.) As an example, let the proposed equation be 

yzdx — xzdy + yxdz = 0. 

This satisfies equation (7), it is, therefore, integrable and to 
ascertain whether any and what factor is necessary to render it an 

33 
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exact differential, we must first consider one of the variables as t 
constant, writing the equation thus : 

z{ydx — xdy).= .... (1), 

this does not satisfy the condition of integrability, but (94) it is ren- 

1 
dered exact by the factor X = — , and this same factor is found to 

y 

render also the other two partial equations exact Multiplying then, 
(1) by — and integrating, we have, omitting the constant, 

U = — + <pz = . . . . (2) 
V 

dU x , dq>z 1 x 

dz v dz J if V 



d<pz -. 

•\ — f- = .\ <pz = C ; 



dz -■•♦" 
hence, substituting this value in (2), we have for the sought integral' 

U = — + C. 

y 

Again, let the equation 

zy dx + xzdy + xy dz + a,z* dz = 
be proposed. This also satisfies the condition (7) ; we shall, there- 
fore, first integrate 

z (ydx + *dy) = 

on the hypothesis of z constant, and we find for the integral 

U = zxy + <p* =: . . . . (1), 
so that no factor is here requisite, 

dU . dtpz . . 

••■-dj = x y+-d7 = *y +a * 

dz 

02? 

.-. <pz = afz*dz = -£- + C ; 
hence, by substitution, the integral U becomes 

U = zxy + ^f + C. 



' ■!■ 



'»V^ 



■ A ■ 
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(112.) Let us now consider the case in which the differential 
equation 

Mdx + Nefy + Pete = . . . . (1) 

does not satisfy the conditition (7), and let X be the factor proper to 
render integrable the part Mcfa? + Ncfy only, z being regarded as 
constant ; by multiplying the proposed by this factor, it becomes 

M\dx + NXc% + PXdz = . . , . (2). 
integrating the equation 

Mkdx + NXc% = .... (3) 
we have, as before, 

V + <p* = . . . . (4), 

but the differential of this equation, taken with respect to the three 
variables, cannot, as in the former case, be identical with (2), which 
it would however be, if its differential with respect to z were equal to 
PX. Now the differential of (4) with respect to the three variables 
is, in virtue of (3), ^ 

MXd* + N\dy + !^dz + ^r-dz = (5), 

dz dz 

and its differential with respect to z only is 

«T + £>* 

and therefore, although it is impossible that any equation (4) among 
the variables a?, y, z can be found, whose differential (5) shall be iden- 
tical to (3), without assuming some other relation among the varia- 
bles, yet, by introducing a new relation, viz. the relation 

dz dz 

the identity is brought about, for, in virtue of this condition, (5) be- 
comes 

MXdr + NXcfy + PXcfe = 0, 

and thus the proposed differential equation is satisfied by the equa- 
tions 

V + <p* = 



^ = px) 

dz J 



^L + d * z - 1* ( - - - • w 
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taken conjointly, in which the function <pz is entirely arbitrary. The 
'system of equations (6) involving an arbitrary function of z represents 
an infinite variety of curves of double curvature, all of which equally 
give rise to the differential -equation (1) or (2). 
Suppose, for example, 

ydy + zdx — dz = 0, 

an equation which does not satisfy the condition (7). 

Regarding z as constant, the factor necessary to render the part 

ydy + zdx 

integrable is 2, consequently the proposed, multiplied by this, is 

2ydy + 2zdx — 2dz = 0, 

which equation is satisfied by the system of equations 

y 2 + 2zx + q>z 5= 
dtpz 



2x + 



dz ' 



If we take <pz = s 3 , the system is 

f + 2zx+ s 3 = i 

2x + Zz* + 2 = i 
and so on. 



CHAPTER VIII, 

ON THE INTEGRATION OF PARTIAL DIFFEREN- 
TIAL EQUATIONS. 

Partial Differential Equations of the First Order. 

(113.) A partial differential equation of the first order, containing 

three variables x, y, z, is one which, besides the variables themselves 

and constant quantities, contains only the partial differential coefficients 

dz dz 

— , — . The integration of this class of differential equations forms 

dx dy 
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a distinct and very extensive branch of the calculus, involving diffi- 
culties of a peculiar kind. In the present small volume we must 
confine ourselves to a very elementary view of the subject, referring 
the student for forther information to the large work of Lacroix, be- 
fore mentioned. 

I. 

To integrate the partial differential equation 

— = X 
dx 

X being a function of x, and z a function of the independent variables 

Multiplying by dx, and integrating, we have 

* =/(*» U) =/Xdar + <py, 
the arbitrary function <py supplying the place of the arbitrary constant, 

because the partial differential coefficient * has been deduced from 

the hypothesis of y constant. 

Suppose, for example, the equation were 



then 



dz 

%.= x> + d>, 

dx 



x 3 
z~ — + €?x + <py. 



II. 



To integrate the partial differential equation 

dz 

dx * 9 

P being a function of x f y and 2. 

dz 
As the coefficient -7- is deduced on the hypothesis of y constant, 

we must preserve this hypothesis in returning to the original function 
* = / (a?, y) ; hence, multiplying by dx, we have 

* = Pdr, 
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the y in P being considered as a constant ; this will be a differential 
equation between the two variables 2, x, the integral of which must 
be completed by annexing the arbitrary function <py. 



EXAMPLES. 



1. Let the equation be 

dz 



** V^ + tf 
.-. 2= y/x 2 + tf + q>y. 

2. Let the equation be 

dz a 

dx "~ j'^IZtfZrrf 

x 
.\ z = a sin." 1 — = + <py. 

3. Let the equation be 

dz 



zdz 

= dr, 



sftf-* 
therefore, y being considered constant, 



— Vy* — z i = x + <py, 
or 



x + y/y* — z 2 = — <py. 
4. Let the equation be 

dz _ y 2 + z 2 
dx y 2 + x 2 

dz dx 



# * X? + z 2 tf + x 2 ' 
and, integrating on the hypothesis that y is constant, we have 

- tan. - = - tan. 1 - + <pt/. 
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III. 



To integrate the partial differential equation 

-..dz.-T.dz _ 
ay ax 

M and N being functions of x and y> 
From this equation, we get 

dz __ M da 

% N d? 

and since, by hypothesis, z is a function of x and y r 

dz dz 

.*. dz = — cic + — aw, 
a# aw 

and we have, by substitution, 

or 

as Ncta — May 

*-£• N 

Suppose X is the factor which renders Ndr — May an exact differ- 
ential du, that is, let 

X (Noa? — May) = du, 

then the preceding equation becomes 

to satisfy which we need only assume 

1 dz „ 
. ^- = Ft*, 



XN dx 
for then 

dz = Ft* . da .*. z = qw*, 

9 being entirely arbitrary, and u a known function of x and y. 
1* Let the equation be 

dz dz __ 

ay * dx 



\ 
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which is the general partial differential equation of surfaces of revo- 
lution (Diff. Cole. p. 177). 
In this case 

Nda? — Mdy = xdx + ydy, 

which is rendered integrable by X = 2, 

.\ u = aP + tf, 
and, consequently, 

z = <p {*? + 3*), 
the general equation of surfaces of revolution. 

As a second example, let the partial differential equation 

dx dy 

be proposed, which belongs to right conoidal surfaces in general, then 

Ndr — Mdy = ydx — xdy> 

which is rendered integrable by X = -j : hence 



/ ydx — xdy x 
v 2 v 



f 

x 
.'. z = <p- 

an equation which we know is the general representation of all right 
conoidal surfaces {Diff. Calc. p. 201-203). 

IV. 

Let now the form 

dz az 

ax dy 

be proposed in which P, Q, R are functions of x, y, and z ; then* di- 
viding by P, and putting 



the form becomes 



£+M,J + N = 0, 
dx ay 
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dz dz 

that is, putting p' for -7- and q' for -p, 

p' + ]%' + N = .... (A). 

As this equation exists in conjunction with 

dx = p'dx + q'dy, 

which merely implies that z is a function of x and y, we may elimi- 
nate p\ and we shall thus have 

dz + Ncfo = 9' (dy — Mdx) .... (B), 

this equation being true, whatever be the value of q\ we must have 
separately 

dz + Ncte = 0, dy — Mdx = 0* . . . . (1). 

Now, if it should so happen that z is absent from both N and M, 
then the second equation will imply some relation between x and y, 
furnished by the integral of that equation. Supposing then X to be 
the factor which renders it an exact differential, we shall have 

X {dy — Mdx) = 0, 

and, by integrating, we get an equation of the form 

F(*,y) =C . . . . (2) 

•*-y =/(*»C); 

consequently, substituting this value of y, in the function N, we shall 
have 

z = — fNdxj 

the second member of this equation being a function of x, and of the 
constant C, in which, after integrating, if we restore the value ofC 
(2) the result will be the sought relation among the three variables, 

* It may be proper to remark here that these equations, in their present form, 
teach us nothing, since, from the first principles of the calculus, we know that 
dx, dy, and dz, are necessarily each 0. They are, however, immediately reduci- 
ble to a significant form, by dividing by dx, since they then become 

dy 
in which latter equation it must be observed that although — implies a relation 

dx 

between x and y, yet as we may consider this relation arbitrary, we shall in 

effect consider x and y to be independent. 

34 
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taking care, however, to consider the arbitrary constant which com- 
pletes the integral to be an arbitrary function of the constant C, in 
order that when the value of C (2) is restored, the integral may not 
be deficient in generality. 

As an example, let the equation be 

dz , dz , 

Comparing it with (A), we have 

y VJ + y 2 

x 

hence the two equations (1) are 



x x 



</x* + y 2 y 

dz — a dx = 0, dy — — dx = . . . . (3), 

x * x ' 

z being absent from each. 

Now the factor X, which renders the second of these equations, or 
rather the equation 

a<fy — ydx = 
x 

integrable, is X = - ; multiplying then by this, and integrating, we 

x 

have 

JL = C .-. y = Car, 
x J 

consequently, the first of these becomes 

dz = adx Vl + C a 

.*. z = ax VI + C a + <pC, 
where q>C may, of course, contain another arbitrary constant besides 
C. Restoring* now, the value of C, we obtain, finally, 

I y 2 y 

or rather 

z = a y/x 2 + t/ a +9~ • • • • (4)» 

x 

. 

9 representing a function quite arbitrary. 
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■ 

If, by differentiation, we eliminate the arbitrary function 9, {see 
Diff. Calc. p. 83), we shall return to the original partial differential 
equation. If a = 0, in the proposed, it will be the general represen- 
tation of right conoidal surfaces, before noticed, and the equation (4) 
will be the integral equation of the same class of surfaces. 

It may happen that the two members of the equation -(B) may con- 
tain each only the variables whose differentials are involved in them, 
so that y may be absent from N, and z from M. In this case let, as 
before, X be the factor which renders the expression dy — Mdx inte- 
grate, and let X' be the factor which renders dz + Nefo integrable, 
the members of the equation (B) may then be represented by 

dz +Hidx = -V dU, dy — Jfidx = ^- dV, 

X X 

so that we shall have 

d\J = q '—dY. . . .(5), 
x 

the first member of this equation is an exact differential, and that the 
second member may be also exact, we must have 

,- L = <pv, 

which is the only condition which need restrict the arbitrary function 
q ; hence, by substitution, in (5) 

that is to say, U is an arbitrary function of Y, U and V being func- 
tions of the variables already determined. 

Let, for example, the equation 

dz dz 

be proposed, which will accord with the general equation (A), if 
written thus : 

dz , x dz z 

+ 3 = 0, 



M and N being 



dx y dy x 



M = — , N = -- 

y * 



/ 
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"hence the equation (B) arising from the elimination of p\ is 

dz dx = q' {dy eta), 

x y 

so that we have now to find factors which shall render integrable the 
expressions 

dx dx, dv dx, 

x * y 

these factors are - and 2y ; multiplying, therefore, by these, we have 

x 

the exact differentials * 

xdz — xdx 



x 3 
of which the integrals are 



-, 2y dy — 2x dx, 



X 

consequently the required integral is 

4- = *(*■-*■)• 

It should be here remarked, that instead of eliminating p from the 
equation (A), as we have done in the preceding examples, we may 
eliminate q', and deal with the resulting equation 

Mdz + N<% = q (dy — Mdx) = 0, 

as we have already dealt with (B). 

On the Determination of Arbitrary Functions. 

(115.) In all the preceding examples of the integration of partial 
differential equations, the integral involves an arbitrary function of 
some of the variables, which ought to be the case, since, as shown in 
the Differential Calculus, p. 83, any arbitrary function involved in an 
integral equation may be eliminated by differentiation, and the resulting 
equation will always be a partial differential equation of the first order. 
This elimination was very frequently performed in our section on the 
Theory of Curve Surfaces, In returning, therefore, from the partial 
differential equation to the original primitive, this last, to be perfectly 
general, ought to involve an arbitrary function, in the same manner 
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■ 

us the integrals of ordinary differential equations involve an arbitrary 
constant. We know that in this latter class of equations the deter- 
mination of the arbitrary constant, in any particular case, depends 
upon the nature and conditions of the problem to which it applies ; 
and so also with respect to the arbitrary functions which supply the 
place of these constants in the former class of equations, their deter- 
mination depends on the nature of the particular problems to which 
they belong. For example, the primitive of the equation 

a jk+6-^=l (2), 

ax ay 

is 

y — bz = 9 (x — az) .... (2), 

which represents cylindrical surfaces in general, without regard to 
the nature of the directrix. But if we knew, from the conditions of 
the problem, the equation, y = fx, of the directrix of the particular 
cylinder which is the subject of inquiry, then, although the differential 
equation (2) would remain unrestricted, since nothing arbitrary is in- 
volved in it, yet its integral (2) would be restricted by this condition, 
viz. that when z = 0, the equations (2) and y = fz are identical, be- 
cause (2) will then represent the trace of the cylinder on the plane of 
xy, that is, the directrix ; hence the condition is that 

<px = fx, 

so that 9 remains no longer arbitrary, but becomes the known form 
/, therefore the particular integral corresponding to the particular 
cylinder in question is 

y—bz=f{x — az), 

y — bz being substituted for y, and x — az for #, in the given equa- 
tion of the directrix (See Anal, Geom,) 

If the given directrix were a curve of double curvature, then, put- 
ting 

x — az = «, 

we may, by means of this equation and the two given equations of 
the directrix, determine the values of ar, y, and £, in terms of m, and 
consequently y — 6z, or its equal 9W, will be determined in terms of u, 
or in other words the form of 9 will become known, and in which we 
shall then have merely to put x — az for u, to have the equation of 
the particular cylindrical surface which is the object of inquiry. 



270 THE INTEGRAL CALCULUS. 

Again the primitive of the partial differential equation 

dz dz 

x + -r- = 



dx dy 

is 

z = <P (— ) or ©" l z = -^-, 

X T X 

which belongs to every conoidal surface whose straight directrix co- 
incides with the axis of z, without any regard to the nature of the 
curvilinear directrix ; but if this is fixed by the conditions of the prob- 
lem, then putting u = z, we may, by means of this equation, and 
those of the given directrix, determine the values of #, t/, and z, in 
terms of w, consequently <p~ l z will be determined in terms oft*, or of 
x, so that the form of this function will become known, and thus the 
particular equation sought will be determined. 

Should, however, the problem in question furnish no conditions for 
the determination of the arbitrary function, then the geometrical rep- 
resentation of the integral comprises an infinity of surfaces, not, how- 
ever altogether arbitrary, but entirely arbitrary as far as depends upon 
the arbitrary function. For example, the primitive of the partial dif- 
ferential equation 

dz 

u = — (1)> 

is 

z = ax + <py . . . . (2), 

an equation which represents an infinite variety of surfaces according 
to the infinite variety of arbitrary forms we give to cpy ; but yet all these 
surfaces must possess this common property, indicated by (1), viz. 
that if each be cut by a plane parallel to that of xz, the inclination of 
the section at any point (#, z) must be constant, and equal to a, (Diff* 
Cede. p. 164), consequently every such section must be a straight 
line ; thus far, therefore, the surfaces comprised in (2) are restricted* 
If, in (2), we suppose x = 0, then we shall have, for the trace of any 
of the surfaces on the plane of xy, the equation 

z = <py, 
which is entirely unrestricted, so that no curve can be even conceived 
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which this equation shall not comprise ; for even if the curve be de- 
scribed at random, since each point in it will be comprised in this 
equation, their locus will be comprised in it. 

What has been said in the present chapter on the subject of partial 
differential equations, and on the arbitrary constants which their inte- 
grals involve, is intended to convey only a few elementary notions of 
a very extensive and very difficult department of analysis: the full 
development of the theory of partial differential equations is what 
cannot be expected in an elementary volume like the present : we 
hope, however, to return to this subject at some future opportunity* 
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Note (A), page 85. 

*** y^v. .* (Supplement to Chapter II.) 

We ljave fully explained in the text the method of finding, by in- 
determinate coefficients, the numerators A, B, C, &c. of the several 
partial fractions into which any rational fraction may be decomposed : 
we propose here to show how the same numerators may be deter- 
mined by the application of the Differential Calculus. 

1. Let us first consider those partial fractions which arise from the 
real roots of the denominator of the proposed. If m of these roots are 
equal, we kno\#(l 2) that the partial fractions to which the factor (x 
— «y involving these roots gives rise, are 

A * B K 

(x — a)- + ;.(»w_o)"M + ' * ' ' 7^17 w» 

which if m = 1 becomes simply— • 

HAjoe if =^ be put to represent the sun%of the remaining partial 

U *• 

fractions which make up the proposed =- then we have 

P_ A ■ B ' K 

V ■(*— o)» T .(* — a )""' x— a ^ 

U, U 

(2). \ 



v, y, (x — o) 

35 



•»•••• 



1* 

-* 1 
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Multiplying the second and third members by V t we get for Ui the 
^expression 

V, \ H._|^B (x— a) — C (*— a)*... — K(»--a)—^ 
U i = (x — a) w : ~>*( 3 ) 

Now, since V L is not divLsable by (x — a) m , this expression in- 
forms us that the quantity within the brackets must. be dmsiWe fry 
(x — a)!", so that this quantity must be of the form X (a? — a) m , X 
being a rational function of x. It follows, therefore, that i£we differ- - 
entiate successively this same quantity, each of the coefficients, from 
the first to the (m — l)th, must be -equal to when a is aabgtttujted 
for x : in virtue of this pngterty we ehall be readily^nabledto : deter- 
mine the numeral coefficients in the numerator of (3). For^iit the 
first place, it is plain from (2) that by multiplying the secoM and third 
members by (x — a) m and then putting x = a we shall obtain the 
value of A, viz. 

A = [£]. 

the brackets being intended to intimate that a particular value is given 
to ar, viz. x = a ; differentiating now the expression within the brack- 
ets (3), we have, in virtue of the property just established, 

4 4 4 ; ' 



hence 



.*,„ .v. »./t u i *v;. 



in this way therefore thejiartial fractions (1) may be determined. 

2. Let us now proceed to determine the partial fractions corres- 
ponding to imaginary roots. In this case (13), 

U Ax + B Cx+ D 



{(o? — a) a + /3 a C» ' J(*_ a) a + /3 2 } 
Lr + K • U, = U 



{(« — a^ + jS 2 }" 1 - 2 V } V x {(« — a) a + jS 2 ^* 



;-f 
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Multiplying the second and third members by Y { we get for V l the 
expression 

Y, { ~ (A*H- B) - (0$ + D) J (*■*«)» + p\ I 

Ui= — L 1 (« - *)« + ^ r 

As before, the expression within the brackets must be djfisible by 
the denominator, and must, therefore, be of the form 

'■■> X { (x — a) a + /3 2 ^; 

hence the successive differential coefficients, from the first to the 
(m — l)th, become each equal to when for x is substituted one of 
the roots of 

■•• (* — a) 2 + i 9 8 = 0, 

that is, 



jif= a -j- ft s/ — 1 or a? = a — f3 \/ — 1 • • • • (4) ; 
so that by making these substitutions we have, as in the former case, 

[V3 = I>] + B,[ ^- ]=0, 

d 2 \y -fcc| 
[ ^ ] = 0, &c. 

each of these equations divides itself into two, because of the two 
values of x (4), for which they subsist; hence we have as. many equa- 
tions as there are coefficients to be determined. It should be ob- 
served that in this second case the method of indeterminate coeffi- 
cients, as explained in the text, is generally of easier application than * 
that we have just given, as the trouble of operating with the imaginary 
values (4) is avoided. 

As an example of the foregoing processes let it be required to de- 
compose the fraction 

1 

x 9 + x 1 — a? 4 — x 3 ' 

The denominator of this fraction is easily seen to be the same as 

(** — 1) x 2 (x + 1) = (x — 1) {x + l) 2 X* {x* + 1) 
so that we must assume 
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A + _B _C + D 



x 9 + x 1 — x* — 3? x—l ' (x + 1) 2 x+l x 3 

' * '^ *£- + — + K * + L * 

We shaMkst determitfe the nnmerator A, which, since U = 1 and 

~ » lit 

L (* + l) a (X s + 1) *> J 8' ■= 

1 being substituted for x. y 

We shall next find B, C, which, since V! = (x — 1) (x* + 1) x* 

andU = 1, becomes • *' 

■* *. 

U 1 * V. 9 






— 1 being substituted for x. t « 

To determine D, E, F, we have U = 1, V. = (* — 1) (x + l) 1 

(** + 1). f " 

U_ V U 

u d v, i *v t -* 

being substituted for x. 

Finally, to determine K, L, we have, since U = 1 and Y t = 
{x — 1) (x + If x>, 



in which ± V — 1 being substituted for x gives the two equations 

2K + 2L = 1, K = L, 
from which we get 

hence, the proposed fraction is decomposed into 



S(x— 1) 4(*-+l) 1 / 8(*+l) a 3 a* x 

x+l 
4 (a* + 1) # 
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dor dx 

3. If we had to integrate or ■ , , we should have first 

6 or— i or + l 

to resolve the denominator into its quadratic factors, and this may be 
done by means of the decomposition of 

x*" — 2x™ cos. d + 1, 

already exhibited at page 34 of the Differential Calculus. 

The cosine in the last or with factor in this decomposition is obvi 
onsly /r 

4 + 2 (m — 1W , J — 2*\ 6 — 2* 
cos. - — = cos. (2<r + ) = cos. 

the consine in the factor preceding this is 

6 + 2 (m — 2) * . , d — 4*\ 6 — 4* 

cos. - — = cos. (2ir + ) = cos. , 

m m wi 

; and so on ; so that the formula referred to may be written thus, by 
1 '^changing a? into y and m into n, viz. 

'& — 2a» cos. 6 + 1 = (x 2 — 2x cos. - + 1) 

N n 

X (x 2 — 2a? cos. h 1) 

2* — d , , v 

X (a 8 — 2a? cos. h 1) 

n 

x (a? 3 — 2a? cos. h 1) 

n ' 

4^ £ 

X ix 2 — 2x cos. h 1) X &c. 

n 

ton terms (1). 

Now it is easy to see here, that the last or nth factor is, when n 
is even, 

x 2 — 2a? cos. = a? 2 + 2a? cos. - + 1, 

n n 

so that, in this case, the decomposition is 

a* — 2a? cos. 6 + 1 = (x 2 — 2a? cos. - + 1) 

N n 

f. 

6 
X (x 2 + 2a? cos. - + 1) 

n 
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2* + 6 
X (a» — 2x cos. — + 1) 

2rf 4 

X (ar 2 — 2x cos h 1) 

n ' 

fa* -L. A 

X (x 2 — 2a: cos. JLZLl + i) 

n 

X (a? 2 — 2ar cos hi) X &c. 



to n terms (2). 

Let us now suppose in each of these formulas (1) and (2) that 

4 = 0, then cos. 6 = 1 as also cos. -, and therefore, when n is odd, 

n 

x* — 2x* + l = {x 2 — 2x + l) 

X (a? 2 — 2x cos. — + I) 2 * * jf£ 

U *&"'* 

4* n-4-1 43^ 

x (a? 2 — 2x cos. H) a x &c— £— terms . . . ($)$ ' 

and when n is even, * 



ar* — 2a* + 1 = (a? 2 — 2a? + 1) \. t ':?; ■/■ - 

X (ar 2 + 2a? + 1) 

2flT 

X (a? 3 — 2a? cos. H) 2 

4* n-4-2 

X (a* — 2a? cos. \- l) a X &c. to — ~- terms . .(4) t 

The formulas (3) and (4) immediately lead to the decomposition 
of a?" — 1 into its quadratic factors ; for, by extracting the square root 
of each side of (3), we have when n is odd, 

«"— 1 = (a?— 1) 

X (ar 2 — 2a? cos. -^ + 1) 

4t* n + 1 

X (a? 2 — 2a? cos. (• 1) x &c. to — - — terms • • . • (5), 

n 2 

and, by extracting the square root of each side of (4), we have, when 
n is even, 
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*■■■. '' 

>_1 = (**—. 1) 

2flT 

X (a?* — 2a? cos + 1) 

» 4^ ft 

X (a? 3 — 2a? cos. — + 1) X &c. to - terms .... (6). 

n 2 

Having thus decomposed a?" — 1 into its quadratic factors, we may 

resolve into its partial fractions, as follows : 

a? — 1 

Taking the logarithms of each side of (5), and then differentiating, 
we have, when n is odd, 

2* 
- , 2a? — 2 cos. — 

naT" 1 1 n 

~r 



■■■< 



aT — 1 a?— 1 o « 2* t 

ar — 2a? cos. 1-1 

2a? — 2 cos. — , , 

H &c. to — - — terms, 

ar — 2a? cos. hi 

n 

or, multiplying by a?, 

2ar — 2a? cos. — 
na? x i n i 

T ^ —: T 



a? 2 — 2a? cos. hi 

n 

2ar — 2a? cos. — . , 

H &c. to — - — terms. 

* 4*r , , 2 

a? 3 — 2a: cos. |- 1 

n 

Now, if we subtract n from the first side of this equation, and from 

each term on the second side 2, we shall subtract from the whole of 

n + 1 
this side — - — times 2 ; that is n + 1 , so that in order that the 

equation may still subsist, we must increase this remainder by 1, or, 
which is the same thing, the equation will subsist if we subtract n 
from the first side, and from the first term on the second side 1 only, 
while from every succeeding term is taken 2 ; we shall thuf have 
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2 — 2x cos. — 
n 1 n 



**~ l a: — 1 ^ 2* . n 

1 — 2a: cos. \-afl 

n 

4* 
2 — 2a: cos. — . . 

+ &c. to — - — terms, 

k . . 2 

1 — 2x cos. r'jr 

n 

and consequently 

2* 

_ 1 X COS. 

n 

1 — -a? cos. — t 

+ &c. to — - — terms}. 

1 — 2x cos. — + x 2 
n 

Hence the integration of 

dx 



x" — 1 



is l when n is odd, reduced to the integration of the several terms of 
the series 

dx 2dx 1 — ax 1 — bx 

n{x — 1) n" *l—2ax + x 2 1 — 26a? + a* 

n 2 

&c. to — - — I terms .... (7), 

which integration may be readily effected by the methods explained 
in the text. 

Again, taking the logarithms of each member of the equation (6), 
and differentiating we have 

2* 
■ . n 2x — 2 cos. — 

nx*~ l 2a: n . 

H t: • - 



ar — 2a: cos. \- \ 

n 
r 
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4tf 
2a? — 2 cos. — 

— + &c. to - terms ; 

4* 2 

ar — 2a? cos. f- 1 

n 



or, multiplying by a?, 



2m 

^ _ 2a? — 2a? cos. — 

nx* 2ar n 

+ : T 



a* — 1 X 2 — 1 rt 2* 

a? 3 — 2a? cos. hi 

n 

2ar — 2a: cos. — 

. — f- &c. to - terms. 

_o « 4* ' 2 

ar — 2a? cos. hi 

n 

n 
Subtract n from the first member of this equation, and as there are — 

terms in the second member, subtract 2 from each term in this mem- 
ber, the result is 



n 




2 


2 — 


2x 


COS. 

n 




x« — 


1 


x 2 — 1 


1 — 


2x 


2* 

COS. 

n 


+ a? 8 


2- 


-2a? 


4* 

COS. 

n 


4 


- &c. to - terms, 

* 2 


1- 


-2a? 


4ir 

COS. 

n 


i 

+ x 2 


consequently 
1 


n 


2 


-m 




X COS. 

2a? cos. 


2* 

n 


a?" — 1 


(* a -l) 


2« 

— + x* 
n 


1— a? 


cos. 


4* 
n 


+ &c. 


to 


n — 2 
2 


terms £. 


1 — 2a? 


cos. 


441* 

— + x* 
n 


Hence the integration of 


dx 









+ 



x n — 1 
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is when n is even reduced to the integration of the several terms of 
the series 

2dx 2dx , 1 — ax 1 — bx , 

n{x*— 1) n * 1 — 2ax + x 2 1 — 26* + a? 

n — 2 
&c. to — - — terms | .... (8). 

We shall now give an example of each of the formulas (7) and (8) r 
1. To determine the integral of 

dx 

by the formula (7) we have 

/dx __ 1 /» dx 2 /» (1 — ox) dx 

X s — 1 ~~ 3 J a?— 1 — §«/ 1— 2oa:-f a** 

the first integral in the second member is 

-log. {x— 1), 

and, by putting the denominator of the remaining integral under the 
form 

(ar_a) 2 — a 2 + 1, 
and then substituting s for x — o, we have 

/ (l — oar) da? __ 2 /» & /• sdfe 

1 — 2as +x a ~~ l ° V s* — a 2 + 1 — V s 2 — a* + 1 

1— <* a 1 a 

hence, substituting for a and z their values 

2*r 
a = cos. — , z = x — a, 

we have, for the required integral, 

dx 



/ax 
x* — 1 "" 



1 1 2at 2* 

c + 3 lo g- 0* — + g c os. y lo g. (1 — 2x cos. — + x 2 ) — 
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2m 



* — cos. — 
2 . 2* . 3 

- sin. -r-tan. ' 



3 3 2* 

sm -Y 

If this Integral ought to vanish when x = 0, then the correction is 

2<r 
A — cos. -— - 

r- 2 • 2flr ♦ -i 3 

C = - sin. — tan. * 



3 3 . 2« 

sin. ^ 
3 

2* 

cos. -—• 

2 . 2* 4 , 3 
= sin. — tan. 

3 3 . 2* 

sin. — 
3 



and consequently the last term in the above expression, when cor- 
rected, becomes, in consequence of the property 

/ a i tjx ten - A + tan. B 
tan. (A + B) = - —, 

v ' 1— tan. A tan. B' 



2*r 
x sin. 



2 . 2* , 3 

- sin. — tan.""' 



3 3 , 2* 

1 — X COS. -— 

3 



2. If the integral of 

dx 



x* — 1 
is required, then, by the application of the formula (8), we find 

/dx 

1. 1 + 0J . 1 * , ., ^ *.«. 

~ 4 g * 1 — g + 4 cos - 2 g# ( ~~ 2X C0S ' 2 + * — 

a: sm. — 
- sm. - tan. l 



2 2 , « 

1 X COS. — 

2 

the integral being corrected as in the preceding example* Or, since 

cos. \ = 0, and sin. J = 1, 
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/dx 1. 1 + a? 1 . 
= — T log. tan. * a?. 

Let it now be required to decompose X* + 1. For this purpose, 
put 6 = at, in the formula (1), and it becomes 

a* 1 + 2a?" + 1 = (x 2 — 2x cos. — + I) 2 

X (a?" — 2a? cos. — + l) a 
v n 

X (ar 9 — 2a: cos. h l) 2 X &c. to - terms. 

Hence, by extracting the square root, we have, when n is even, 

& + i = (& _ 2a: cos. — + 1) 

n 

3* 

X (x 2 — 2a: cos. — +1) 

n 

X (ar 9 — 2a? cos. — +1) 

n 

and in like manner by putting & = *, in the formula (2), and extract- 
ing the square root, we have, when n is odd, 

a? + 1 = {x + 1) 

X (x 2 — 2a: cos. — +1) 

n 

Sir n + 1 
X (a? 2 — 2a? cos. — + 1) X &c. to terms ; 

hence, proceeding exactly as with x" — 1, in the respective cases of 
n even and n odd, we find, tr/ien n is even, 

, _ . 1 — x cos. - 1 — a? cos. — 

dx 2ax , n n . 

H « r 



af+1 *»,«■*.. 3*r „ 

1— 2a?cos.- + x 2 1— 2a:cos. [-x 2 

n n 

i o n 

+ &c. to - terms 

2da? $ 1 — ax 1 — * 6a? 

~~ » « 1 — 2as + x 2 + 1 — 26a? + x 2 + 
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n 
&c. to - terms^ .... (9) 



and when n is odd, 



dx dx , 2dx , n . 



x* + 1 n(l + x) n ■ \ * , - 

v 1 — x cos. - + ar 

w 

1 X cos. — 

h &c. to — - — terms \ 

1 — 2a? cos. [-x 2 

n 



dx . 2dx , 1 — ax 



+ 



=- -- f- — - \ 1 

n (1 -I- x) n l \ — 2ax + x 2 

+ &c. to — - — terms | .... (10). 



1 — 2bx + x 2 

If we apply this formula to the example 

dx 

x*+ V 

we find for the integral 

dx 



s 



x 3 + 1 

1 1 at <t( 

-log. (1 + x) — - cos. - log. (1 — 2arcos. x + ar 2 ) + 

x sm. - 
2 . « 3 

— sm. - tan. 



33, *: 

1 — axos. - « 

the same correction being introduced as in the former examples. 
Or, since cos. 60° = £ and sin. 60° = £ y/3 

dx 1. l + x 1 xVS 

tan.~ ! 



/ dx 1 A T * 

ar 3 + 1 ~ 3 l0 S- ^l—ar + ar 2 + 



+ a*^ ^3 MU1 - 2 — a; 

For the decomposition and integration of other forms, the student 
may consult Jephson's Fluxional Calculus, vol. 2, and Simpson's 
Fluxions, vol 2. 
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Note (B),pagc 71. 
Development o/*sin.* x and cos. m x. 



Put 



cos. a: + sin. x V — 1 = u ) ,- v 

cos. a: — sin. a? V — 1 = v S 



then {Diff. Cole. p. 32,) 



cos. mx + sin. mx V — 1 = u m 



;=£! ••••<»■ 



cos. mx — sin. mx >/ - 
and consequently 

u m + v m = 2 cos. mx 9 t* m » TO = 1 . . . . (3). 
Now by adding together the equations (1), we get 



and therefore 



cos. X = - (tt + v) $ 



c °s. m * = ^? («* + •)" = ^ (v + t«)*; 



hence, by the binomial theorem, 

cos." x = — \vT + raw"- 1 v + m l m ~ ' *»-» «* + &c.| f 



2"» 

or 



cos.- * = — \ «* + ro*- 1 1« + m (m o 1} t>—» ti 2 + &c. | f 

adding together these equations, we have 

1 



COS. 



" x = -T-^j- !«*" + «"• + muv (u*" f + «*-*) + 



^L—tlietf^A + ^-4) + &c .{ 



But from (3) 
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u m + v m = 2 cos. mx 
tt «-2 -f- v m-a — 2 cos. (m — 2) x 

w m-4 _|_ ^m-4 — 2 C0S , ( W 4) # 

&C. &C. 



UV = 1 
M 2 » > = 1 
tt 4 t> 4 = 1 

&c. &c. 



hence the development of cos. m a; becomes 

cos. m a? = — - {cos. mx + m cos. (m — 2) x + 
J* 

— -— -cos. (m — 4)a? + &c.| .... (A), 

and by putting m equal to 2, 3, 4, &c. and recollecting that cos. — <p 
= cos. — <p, we shall obtain the values of cos. 2 x, cos. 3 a?, cos. 4 &c. 
in the text. 

Let us now seek the development of sin. m a? ; for this purpose we 
must take the difference, instead of the sum, of the equations (1) ; 
we thus have 

u — v 



2 sin. x V — 1 =t« — t>.\ sin. x = 



2 V— 1* 
and consequently 

(tt — v) m 



Bin.* x 



(2 V — 1)-' 
1. Let tn be even, then (Algebra,) 

(tt — t>) m + (v — «) w ; 

hence, developing the two equations 

1 1 

sin."* = (2 v ^rTyT (« — V T> ™-"* = ^7zffp(* ~ «)"» 

and adding the results, we get 

1 
2sin. w a? = (2^ — l) w 1«^ + p w — wmip (tt*~*+ ir~*) + 

m(m - 1) tt»^(tt- 4 + t^ 4 )-&c.| 

and making the same substitutions as before, in virtue of (3), we 
have, since m is even, and therefore V — l)" 1 = ± 1, 
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sin. m x = ± — - Jcos. mx — m cos. (wi — 2) x + 

m ~~ cos. (m — 4) a? — &c. j .... (B). 

2. Let m be odd, then 

(ti — t>) m = ( — l) m (v — u) m = — (v tt)"\ 

therefore 

(w — v) m (u tt) m 



sin. m x = /rt , =\ m , sin. w a? = — 



tm » 



and developing (t* — v) w , and (v — w) w , as before, we get 

1 
2 sin. m x = , 2 /^TTxm J« m — t> m — »»t» (i*" 1 - 3 — v"-* ) + 

m (m — 1) 



2 

But from equations (2) 



t*V (it**- 4 — a*- 4 ) — &c.$ 



tt » — v m = 2 sin. mar \/ — - 1, w m t> m = 1, 
and in virtue of these equations the foregoing development becomes, 
since, (V — l)"*" 1 = ± 1, 

sin. m ar = ± -—j- \sia. mx — m sin. ( m — 2) a? + 

— — sin. (w — 4) x — &c.J .... (C). 

It must be observed, that in the development (B), the lower sign is 
to be employed, when m is either of the numbers 2, 6, 10, &c. and 
the upper sign, when m is either of the numbers 4, 8, 1 2, &c. Also 
in the development (C), the lower sign is to be used, when m — 1 is 
one of the numbers in the first series, and the upper sign, when it is 
one of the numbers in the second series. 
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Note (C), page 136. 

In order to show that every enveloping surface must be greater 
than the surface enveloped, it must be first established that every 
surface, curved or polygonal, which is subtended by a plane exceeds 
that plane. This will be obvious, from considering that if through 
any point on the curve, or polygonal surface, a plane be drawn, in- 
tersecting both the surface and the subtending plane, the curve sec- 
tion will always exceed the rectilinear section, whatever be the di- 
rection of the intersecting plane ; and that, therefore, the locus of the 
curve sections, that is, the curve surface, must exceed the locus of the 
rectilinear sections, or the subtending plane. This being admitted, 
let us conceive any two surfaces, one enveloping the other ; then, as 
there is necessarily some space between them, we may cut off by a 
plane a portion of the enveloping surface without touching the surface 
enveloped ; if then this plane supply the place of the portion cut off, 
the enveloping surface thus modified will be less than before, and the 
space between it and the enveloped surface will be diminished. Again, 
let the intermediate space be still further diminished, by cutting off 
another portion of the enveloping surface, and let this process be con- 
tinued ; then it is obvious, that since at every operation we not only 
diminish the enveloping surface, but also the space between the two, 
we in fact approach nearer and nearer to coincidence to the enveloped 
surface, as the enveloping surface diminishes ; consequently this lat- 
ter must have been originally greater than the former. 



Note (D), page 223. 

We have remarked in the text that there does not exist any singu- 
lar solution when the arbitrary constant c enters into the complete 
primitive only in the first power. This, however, is contrary to the 
doctrine of most analytical writers, who, in cases of this kind, reason 
as follows : 

" When c rises only to the first degree in the primitive, this is of 
the form 
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u = Ac + P = . . . . (1), 
where A and P are functions of x, y, which do not contain c. First, 

suppose A not to be a factor of P ; then, since c = -r-, from -^- 

= A = 0, there results c = oo ; which gives a particular solution, 
viz. that case of the primitive in which the arbitrary constant is sup- 
posed to be infinite. 

" Next, let A be a factor of P ; then, since the prososed differen- 
tial equation is 

P (dA) — A (dP) = ,* 

A = must necessarily be a solution, and to determine whether it is 
a singular solution, eliminate either x or y from A = and the pri- 
mitive ; and it is a singular solution or not, according as the resulting 
value of c is variable or constant." 

It would appear, then, from this reasoning, that A = might be a 
singular solution, provided the complete integral (1) were divisable 
by A ; but in such a case the solution A = would always be ne- 
cessarily comprised in every particular solution (1) : this* solution 
cannot, therefore, with propriety be considered a singular solution, 
for it is the character of a singular solution not to be comprised in any 
particular solution. 

* For the immediate differential of 

Ac + P = . . . . (1) 
is 

«" + * = 0...« = -g.-.(i),P_Agg«o 

.-. P (dA) — A (dP) = 0. 
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NOTES BY THE EDITOR. 



Note A' page 66. 

We are aware that £ (- + x) is the complement of ^ (- + x) be- 

2 ^ 

cause their sum is-- or 90° ; whence because tan. a x cot. a = 1 

we have 



and 



toa- i (5 + *) tan - i (5 — *) = *' 



tan. £ (5 + x) = ^ 



tan. !(_ — #) 

2 v 2 

multiplying both sides of this by tan. 1 (- + x) we have 

ten. i (J + x) 

tan. 2 i (- + *) = j (!)• 

tan. i (- — ar) 

Now Lacroix's Trigonometry, art. 27, 

sin. a + sin. x tan. J (a + x) 
sin. a — sin. x ~ tan. £ (a — x) 

which when a = - becomes 

■ . tan. £ (- + ar) 

1 •+■ sin. x 2 /0 v 

^ . = . . . . {Z) 

2 — sin. x m .nt 

2 

consequently (1) becomes, by virtue of this last, 

1 + sin. x 2 « N 

: = tan. 2 £ (- + x) . . . . (3) 

1 — sin. x 2 v 2 ' J 

and therefore 

1 A *r* sin. a? .4 , . ,at , . ... 

log- ( 2 _ sin> x ) = !og- tan. J (- + ar) (4) 



tan. i (- — x) 
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so that the denominator tan. £ (- — x) should be omitted.. The de- 

nominator may be retained however, for by taking die square root of 
both sides of (1) we have 

tan. \ (- + x) $ 

ten- i (5 + *) = ( ) 

tan. i (- — a?) 

so that the exponent £ should be placed over the last number of the 
equation at the bottom of page 66. 



Note B' page 115. 

When the origin of the coordinates is at P"', x and y being the co- 
ordinates of any point P" of the cycloid, we. have 



d& 

8 =fy/dx* + dtf =f Vl + ^r-dy; 

v dx* 

in which, if we write — - — for -7-5- it becomes 

2r — y ay* 

~2r 



8 =1^*^ = - 2x/2r (2r - y) + C. 
Now when P" and P' coincide y = 2r, therefore C = whence, 

s = — 2 \/2r (2r — ?/), 
and since the radical expresses the chord P"F' of an arc of the genera- 
ting circle, it follows that double this chord expresses the arc PT' of 
the cycloid ; we have then the arc P" P' = twice the chord FP* ; 
and therefore half the cycloidal arc P"' P' = 2 P'Q : consequently 
the whole cycloidal arc is equal to four times the diameter of the gene- 
rating circle. 

If the origin of the coordinates are at P' designating P'E by y' and 
the arc P' P" by s, we shall have 

y' = 2r — y, s' =2 V 2r (2r — if) = 2^ 2ry 
whence s' 2 = 8ry', 

an equation of the cycloid frequently used in Mechanics. 

THE END. 
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